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INTRODUCTION 
Increased use of commercial fertilizers by farmers has 
been stimulated by (1) improvements in fertilizer quality due 
to technological advances of the fertilizer industry and (2) 
a growing awareness by farmers of potentital profits to be 
realized from correct fertilizer practices. Increased ferti­
lizer consumption has, in turn, created a need for fundamental 
research designed to improve decision-making processes asso­
ciated with fertilizer allocation. Hence, agricultural re­
search workers have become increasingly interested in develop­
ing methodological techniques to aid in the economic analysis 
of fertilizer data-
Fertilizer production functions permit profit maximizing 
or cost minimizing combinations of fertilizers to be derived 
according to well-known principles of marginal analyses. 
Hence, present methodological procedures are concerned with 
estimating response functions of this type. Use of this 
method requires the assumption of a continuous response func­
tion but it also allows marginal products to be easily esti­
mated. 
Research on fertilizer use data can be delineated into 
two main areas. First, yearly response curves must be ade­
quately characterized. To do this, methods must be developed 
to select, from the types of mathematical equations now 
available, the equation which most adequately describes the 
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true response curves. This assumes, of course, that differ­
ences among predictions of existing equations are of an im­
portant magnitude. Second, because response functions vary 
from year to year, knowledge of the factors which cause this 
variation must be sought. Decisions to use fertilizer are 
made on the basis of imperfect knowledge and fertilizer re­
search, if it is to be useful, must be directed towards re­
moving some of the existing uncertainties. Knowledge of 
response within individual years, valuable in itself, will 
become more useful when it can be integrated into a dynamic 
framework. Little has been done in this area; emphasis thus 
far has been placed on problems associated with yearly re­
sponse functions. 
This study deals with problems which arise when fitting 
yearly response curves. First, methodological problems in 
this area are reviewed; procedures designed to solve these 
problems are outlined and discussed briefly. Then, to test 
the assumption that important differences exist among pre­
dicting equations, predictions of four types of equations 
fitted to the same experimental data are presented and com-
"pared. Finally, by omitting yields resulting from zero 
nutrient rates from the data and refitting the equations, the 
effects these yields have on the similarity of predictions 
of the equations are determined. While the results of one 
analysis cannot be deemed conclusive, this study should 
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indicate certain characteristics which exist due to the 
mathematical nature of the equations. 
Problems in experimental design, methods of estimation, 
methods of fertilizer applications, and explanation of bio­
logical phenomena will not be discussed. These agronomic and 
statistical problems are important in this area of research 
but emphasis here is placed on problems of economic analysis. 
4 
FUNDAMENTAL PROBLEMS AND METHODOLOGICAL PROCEDURES 
Introduction 
Fertilizer production functions are obtained by express­
ing crop yields as a function of fertilizer inputs. Clearly, 
many factors other than applied nutrients affect plant growth. 
Weather and soil conditions, plant varieties, rates of seed­
ing, methods of nutrient application, and level of management 
are known to be important factors affecting yields. In addi­
tion to known factors, factors as yet unknown may affect crop 
yields. Hence, yield responses to fertilizers are estimated 
by holding other known inputs constant while assuming that 
still other inputs, known or unknown, have a random effect. 
The resulting response curve is a function of many input 
categories and, because of this, is exceedingly complex. 
The complexity of the true response curves make neces­
sary the development of research procedures which are direct 
and relatively inexpensive but soundly based on agronomic 
and statistical logic. Direct and inexpensive methods must 
be developed if widespread use is to be attained. A sound 
3-Much of the disagreement among investigators in this 
area has been attributed to this inherent complexity of the 
subject matter. David D. Mason. Functional Models and 
Experimental Designs for Characterizing Response Curves and 
Surfaces. In E. L- Baum, Earl 0- Heady, and John Blackmore, 
eds. Methodological Procedures in the Economic Analysis of 
Fertilizer Use Data. pp. 76-98. Ames, Iowa, Iowa State 
College Press. 1956. p. 76. 
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logical basis is needed to minimize or eliminate errors in 
judgment by research workers. 
Least squares procedures offer a direct and inexpensive 
method of estimating production function parameters. The 
types of equations which may be fitted by this procedure are 
exhaustively reviewed in the literature.1 They are usually 
divided into two types: those which are based on assumptions 
about the basic laws of plant growth, i.e., "biological 
logic," and those which are selected by means of statistical 
tests of "best fit.8 The first category includes the Mit-
scherlich or Spillman functions, the logistic function, and 
the Cobb-Douglas or power function; the second includes poly­
nomials usually composed of linear, quadratic, cubic, or 
o 
square root transformations of the original variables. This 
classification is not satisfactory. The implication is that 
functions based on "logic" will be used regardless of their 
2-Earl 0. Heady. Technical Considerations in Estimating 
Production Functions. In Earl 0. Heady, Glenn L« Johnson, 
and Lowell S. Hardin, eds. Resource Productivity, Returns 
to Scale, and Farm Size. pp. 5-15. Ames, Iowa, Iowa State 
College Press. 1956. Earl 0. Heady. Methodological Prob­
lems in Fertilizer Use. In E. L. Baum, Earl 0. Heady, and 
John Blaekmore, eds. Methodological Procedures in the Eco­
nomic Analysis of Fertilizer Use Data. pp. 3-21. Ames, Iowa, 
Iowa State College Press. 1956. Paul R. Johnson. Alterna­
tive Functions for Analyzing a Fertilizer-Yield Relationship. 
Journal of Farm Economics. 35:519-529. 1953. Mason, op. 
cit., pp. 76—98. 
^Least squares procedures are difficult to apply to 
exponential equations; therefore, approximations must be used. 
Bernard Ostle. Statistics in Research- Ames, Iowa, Iowa 
State College Press. 1954. p. 146. 
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ability to depict actual empirical results while polynomial 
functions which give the "best fit" will be used regardless 
of any logical considerations. Further, there is no a priori 
reason to suppose that biological logic applies only to cer­
tain categories of functions. Apparently, the law of dimin­
ishing returns is the only tenet held in common by the func­
tions based on "logic" and this assumption can also be ful­
filled by polynomial equations. Finally, those who select a 
function on the basis of "best fit11 alone often find that 
other commonly used functions give similar fits. Suggested 
solutions to the problem of selecting functions range from 
the notion that no over-all function will fit properly within 
the "relevant range" to the opposite idea that all functions 
will fit properly within the "relevant range." Perhaps more 
information about the causes of year to year variations of 
functions will aid in determining the significance of differ­
ences among alternative functions available for use within any 
given year. 
Use of the Logic of Production Economics 
to Select Functions 
As mentioned above, economic recommendations for ferti­
lizer use are derived from production functions through the 
technique of marginal analysis. By equating the ratio of 
marginal product equations (the marginal rate of substitution) 
to the price ratios, isoclines can be obtained. Because they 
7 
represent least cost expansion paths and, as such, can be 
used to derive least cost or profit maximizing combinations 
of nutrients, isoclines are a fundamental "tool" of the 
production economist. Thus, isoclines have been used by 
1 Heady to develop a logical basis for selecting alternative 
functions. Assuming two variable nutrients, the approach of 
Heady can be divided into three steps. 
First, the form of the true isocline family must be 
established for the relevant crop, nutrients, and soil. The 
form of the isocline family will depend upon the biological 
conditions peculiar to the particular experiment. Biological 
considerations listed by Heady include (l) the possibility 
that the lack of a nutrient will preclude yield responses 
from the other nutrient, i.e., "limiting," (2) the amount of 
substitution between the nutrients, and (3) the existence of 
a maximum yield produced by only one combination of nutrients. 
The origin of the isocline map must include zero rates 
of the nutrients. Hence, if both nutrients are limiting, 
the crop yield level of-the origin, not necessarily zero for 
two nutrients, will occur on both axes. When one nutrient is 
3-Earl 0. Heady. Organization Activities and Criteria in 
Obtaining and Fitting Technical Production Functions. Journal 
of Farm Economics. 39:360-369. 1957. Earl 0. Heady and John 
T. Pesek. Some Methodological Considerations in the Iowa-TVA 
Research Project on Economics of Fertilizer Use. In E. L. 
Baum, Earl 0. Heady, John T. Pesek, and Clifford G-. Hildreth, 
eds. Economic and Technical Analysis of Fertilizer Innova­
tions and Resource Use. pp. 144-167. Ames, Iowa, Iowa State 
College Press. 1957. pp. 158-166. 
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limiting, only one axis will have a yield level comparable 
to the origin. Clearly, if both nutrients are limiting, the 
yield iso quants will not intersect the axés and the isoclines 
will pass through the origin. If one nutrient is limiting, 
the isoquants will intersect one axis and the family of iso­
clines may pass through that axis. When neither are limiting, 
the isocline family may pass through either axis. 
Further, when sufficient nutrients are applied a maximum 
yield is attained. If this maximum yield can be produced by 
only one combination of nutrients the isocline family will 
converge. That is, all isoclines will intersect on the co­
ordinates of the input plane at which the yield is a maximum. 
This is thought to be logical for fertilizer experiments 
regardless of whether the isocline family passes through the 
origin. 
By considering the possibilities of substitution between 
the nutrients, the shape of the isocline family can be deter­
mined. If the isocline family passes through the origin and 
the nutrients substitute for each other at points above the 
origin but below the point of maximum yield, the family of 
isoclines must be curved. If the nutrients are not substi­
tutes but are complements, the isocline family degenerates to 
a single curve, perhaps linear, between the origin and the 
maximum yield combination. When the isocline family does not 
pass through the origin but does pass through either or both 
9 
of the axes, similar principles apply except that the family 
of isoclines may be linear when substitution is present. By 
use of logic of this type, the isocline family may be estab­
lished. Clearly, there are many alternative forms which the 
isocline family might assume. For illustrative purposes, 
however, Fig. 1 pictures a family of isoclines which passes 
through the origin, 0, allows some substitution between the 
nutrients as input quantities increase, and finally, converges 
at the point of maximum yield, N-
The family of isoclines depict conditions of substitu­
tion and yield response resulting when nutrient inputs are 
increased from zero until the maximum yield is attained. 
Under field conditions, however, there will usually, if not 
always, be some quantity of nutrients present in the soil 
before nutrient applications are made. Hence, the second 
step of this procedure is to determine the initial level of 
fertility of the soils of the experimental plot and to estab­
lish this point on the isocline map. In Fig. 1, for example, 
if quantities OC of nutrient A and OE ef nutrient B are 
present in the soil, F is the relevant origin for the experi­
mental conditions and isoclines for the experiment will 
appear as those contained in the rectangle FKMG-. Or, if OD 
and OH are the quantities of nutrients A and B in the soil, 
respectively, I is the relevant origin and the isoclines 
must appear as in rectangle ILMJ. Similarly, the origin for 
10 
C D 
POUNDS OF NUTRIENT A 
Fig* 1. A hypothetical family of isoclines 
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an experiment could fall anywhere on the isocline map as 
determined by quantitatively accurate soil tests carried out 
prior to nutrient applications. The marginal rate of substi­
tution between applied nutrients and nutrients initially in 
the soil would have to be determined if the two are to be 
measured in equivalent units. 
The third step consists of selecting a mathematical 
equation which allows estimation of isoclines thought to be 
logical for the experiment. Square root equations have curved 
isoclines which pass through the origin and converge at a 
maximum yield. Hence, a square root equation might be used 
to estimate a complete set of isoclines such as depicted in 
Pig. 1. The quadratic equation has linear isoclines which 
converge at the maximum yield but do not necessarily pass 
through the origin; it might be used to estimate isoclines 
having an origin such as I in Fig. 1. Finally, the Cobb-
Douglas function, displaying linear, non-converging isoclines 
which pass through the origin, might be used for estimation 
when the origin for experimental conditions fall at point D 
and the isocline map is OEFC 
^Isoclines resulting from empirical analyses concur with 
these descriptions. William G-. Brown, Earl 0. Heady, and John 
T. Pesek. Production Functions, Isoquants, Isoclines and 
Economic Optima in Corn Fertilization for Experiments with 
,Two and Three Variable Nutrients. Iowa Agr. Exp. Sta. Res. 
Bui. 441. 1956. Earl 0. Heady, John T. Pesek, and William 
G-. Brown. Crop Response Surfaces and Economic Optima in 
Fertilizer Use. Iowa Agr. Exp. Sta. Res. Bui. 424. 1955. 
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The above procedure has been criticized as being too sub­
jective.1 The objectivity of the method depends upon the 
ability of the researcher to develop procedures which require 
a minimum of guesswork. Further, because the first two steps 
require a knowledge of biological condition, selection of 
equations should be done by agronomists or with their coopera­
tion» 
Implications of the procedure outlined by Heady will 
depend upon the shape of the isocline family. Suppose the 
isoclines in Fig. 1 are representative for most crops, nutri­
ents, etc. Then, since there is usually some quantity of 
nutrients available in the soil, the square root or Cobb-
Douglas equations would rarely be appropriate. Quadratic or 
other types of equations would be used most frequently. Or, 
if both nutrients were limiting and yields at the origin were 
zero so that 1 so quant s would not touch the axes, the square 
root equation, when used, would be fit through the origin 
rather than the mean to prevent isoquants from intersecting 
the axes.** 
1Glenn L. Johnson. Discussion: Economic Implications 
of Agricultural Experiments. Journal of Farm Economics. 39: 
390-397. 1957. p. 391. 
2some interesting problems arise when attempting to 
reconcile empirical equations to theoretically defined situ­
ations . Presumably, when both nutrients limit yield, they 
are complements at the origin and the marginal product of one 
must be zero in the absence of the other. Equations which 
(Footnote continued on next page) 
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Alternative Algebraic Forms for Production Functions 
Development of logic 
The methodological procedure outlined by Heady creates 
a need for mathematical forms of production functions to esti­
mate relevant portions of isocline families. The Cobb-
Douglas , the quadratic, and the square root equations were 
suggested for this purpose. It was shown that the Cobb-
Douglas equation would seldom be appropriate for experimental 
data; contrariwise the polynomial equations would probably be 
used extensively. 
The polynomial equations for one variable, say X, include 
a so-called "linear" term, positive in sign, which explains 
(Footnote continued) 
are linear in the coefficients, as are polynomials, are not 
completely satisfactory for expressing complementarity. They 
allow the expression of marginal products of one nutrient 
even when the other nutrient is zero. 
Also, the ranges of substitution discussed by Heady are 
delineated by ridge lines which are members of the isocline 
family. Isoclines of square root functions do not pass 
through the origin but rather converge towards the origin 
and become discontinuous at the origin. Ridge lines for the 
square root equations do not necessarily converge towards 
the origin but are discontinuous for zero nutrient rates. 
Hence, isoclines of the square root equation converge towards 
the origin because of the isoquant slopes (substitution rates) 
rather than because the range of substitution between the 
nutrients naim$-;s as the isoclines approach the origin. 
The square root equation is consistent at zero input 
rates, however, because the marginal product equations are 
discontinuous at these rates. The same is not true for the 
quadratic equation under similar conditions, that is, when 
both nutrients are limiting and the equation is fitted through 
the origin. 
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yield increases caused by the variable and "squared" term, 
negative in sign, which accounts for diminishing returns to 
the variable.1 Linear terms for the quadratic function and 
the square root function are X and X1^2, respectively; squared 
terms for these equations are X^ and X, respectively. 
There is no a priori reasoning, however, which requires 
terms expressing diminishing returns, to be the square of the 
linear terra. As pointed out elsewhere," the squared term has 
no known foundation in biological logic other than it express­
es diminishing returns. Therefore, any term which also 
expresses diminishing returns can be substituted for the 
squared term. If this reasoning is accepted, a multitude of 
polynomial equations become available for use by research 
workers. For example, if the original variable X is the 
linear term, transformations such as X5/4, X6/4, X?/4, or X®/4 
might be used to represent diminishing returns. As the power 
of the term increases, the amount of diminishing returns 
predicted by the equation also increases. When X is selected 
to represent diminishing returns, X1^2 or X3^ might be 
selected for a linear term. Obviously, other combinations 
are possible, including reciprocals and higher order poly­
ISigns would be reversed when increasing returns are 
predicted. However, diminishing returns are assumed through­
out this discussion. 
2 Johnson, op. elt., p. 529-
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nomials. Ultimately, a combination of terms should be 
selected to estimate marginal curves and isoclines logically 
consistent with prevailing experimental conditions. 
Empirical application 
To illustrate some of the alternatives presented by this 
method, six single variable equations were fitted to a set of 
experimental data. These data were selected from the 1952 
corn experiment on Ida silt loam (page 30). Nitrogen, the 
variable input, ranged from 0 to 320 pounds per acre while 
P205 was constant at 160 pounds per acre. The treatment 
means, an average of two observations, are presented in Table 
1. 
The polynomial equations fitted to the data were of two 
general types. In one type, the nitrogen term N represents 
diminishing returns ; in the other, this term represents the 
linear response to nitrogen. Hence, in equations (l) and (2), 
N is included along with N1/2 and N3^, respectively; and in 
equations (3) to (6), N is combined with N^4, N®/4, N?/4 and 
respectively.1 Equations (1) and (6) are the square 
root and quadratic functions. In the equations, Y is the 
predicted corn yield in bushels per acre while N is measured 
iQoefficients of equations presented in this manuscript 
will be rounded to four decimal places except when more are 
needed to include the first non-zero number. 
Table 1. Bushels of corn per acre predicted by alternative types of production 
functions for specified nitrogen applications, Ida silt loam, 1952 
Number 
and 
type of Pounds of nitrogen per acre 
Percentage of 
treatment 
sums of 
squares 
explained by 
equation 
equation 0 40 80 120 160 200 t 240 280 320 (R2) 
(1) N2/4 23.7 89.0 106.9 117.0 123.0 126.4 128.0 128.2 127.4 0.96 
(2) N3/4 26,6 83.6 105.6 118.0 125.3 188.1 128.9 126.4 122.9 0.94 
(3) N6//4 33.6 76.2 101.2 117.3 126.9 131.8 131.6 128.6 121.6 0.90 
(4) N6/4 37.1 74.1 99.1 117.2 127.0 132.6 133.0 129.0 120.9 0.88 
(5) N7/4 40.0 72.7 97.2 115.1 126.7 133.0 133.7 129.7 120.6 0.86 
(6) N8/4 42.6 71.9 95.6 113.7 126.3 133.2 134.6 130.6 120.6 0.83 
Observed 
treatment 
means 23.0 88.4 105.4 128.8 123.0 110.6 127.4 133.1 129.2 
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in pounds per acre. Predicted yields and K^1 s for the equa­
tions are presented in Table 1. 
(1) Y = 23-6657 + 12.8222N1/2 - 0-3927N 
(2) Y = 26-5877 + 7.0307N5/4 - 1.3617N 
(3) Y = 33.6343 + 2-2179N - 0-4593N5/4 
(4) Y = 37.0703 + 1.2873N - 0-0573N6/4 
(5) Y = 40.0151 + 0.9684N - 0.0095N7/4 
(6) Y = 42-6022 + 0-8023N - O-OOITN8/4 
In Table 1, as the power of the transformed variable 
increases, the "a" or yield intercept value of the equation 
also increases. Thus, the square root equation (1) has an 
intercept value of 23-7 bushels, almost equal to the observed, 
while the quadratic equation (6) has an intercept value of 
42.6 bushels- When nitrogen is increased to 40 pounds per 
acre, a yield of 89-0 bushels is predicted by the square root 
equation and yields predicted by the equations decrease con­
secutively to the low yield of 71.9 bushels predicted by the 
quadratic equation. Above the 40 pound rate, the pattern of 
response predicted by the equations gradually changes until, 
for 200 and 240 pound applications, the quadratic equation 
again predicts the highest yield while the square root equa­
tion predicts the lowest yields - After the 320 pound rate of 
application is attained, the square root equation again pre­
dicts the highest yield and the quadratic equation, which 
contains the largest term representing diminishing returns, 
IS 
predicts the lowest yield. 
The percentage of treatment sums of squares explained 
decreases as the power of the equation increases. This is 
consistent with the over-all equations presented below (pages 
32 and 88), but may not be true in general• 
In an economic analysis, the profit maximizing input of 
nitrogen would be calculated by equating the marginal product 
equation to the nitrogen-corn price ratio and solving for 
nitrogen. Hence, differences in the marginal product equa­
tions derived from equations (l) to (6) will show differences 
in optima predicted by the equations. Equations (?) to (12) 
are the marginal physical product equations for equations (1) 
to (6), respectively. Marginal products predicted by these 
equations are presented in Table 2 and depicted graphically 
in Fig. 2. 
A 
(7) — = -0.3927 + ô.ééllîT1/2 
an 
A 
(8) -ff = -1.3617 + 5 • 2731N-1 • 
(9) -y| = 2.2179 - 0.5742N1/4 
ay l/P 
(10) -jf = 1.2873 - 0.0860N ' 
(11) = 0.9684 - 0.0166N3y/4 
/X 
(12) -jj = 0.8023 - 0.0035N 
As shown in Fig. 2, equations (7) and (8) are discontinu­
ous for input values of zero and predict relatively large 
Table 2. Marginal physical products of nitrogen measured in bushels of corn per 
acre predicted by alternative types of production functions, Ida silt 
loam, 1952 
Number and 
type of Pounds of nitrogen per acre 
equation 0 40 80 120 160 200 240 280 320 
(1) Ni/e — —  0.62 0.32 0.19 0.11 0.06 0.02 -0.01 —0.03 
(2) 0.74 0.40 0.23 0.12 0.04 -0.02 -0.07 -0.12 
(3) if/4 2.22 0.77 0.50 0.32 0.17 0.06 —0.05 —0 • 13 -0.21 
(4) NSA 1.29 0.74 0.52 0.35 0.20 0.07 -0.04 -0.15 -0.25 
(6) 0.97 0.71 0.53 0.37 0.22 0.09 —0.04 -0,17 -0.29 
(6) N8/4 0.80 0.66 0.52 0.38 0.24 0.10 -0.04 -0.18 —0.32 
20 
jr\/2 y-z.o 
80 120 160 200 
POUNDS OF NITROGEN PER ACRE 
Fig. 2. Marginal physical products of nitrogen measured 
in bushels of corn per acre predicted by 
alternative types of production functions, 
Ida silt loam, 1952 
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marginal products for small input rates. These equations show 
considerable curvature throughout the input range. Equations 
(9) to (12) are not discontinuous at zero input rates and, 
except for the linear marginal product equation of the quad­
ratic form, have initially curved slopes which appear to 
approach linearity as input rates increase. 
Differences among economic recommendations derived from 
the equations will depend upon the price ratio selected. 
Notice, however, that equations (7) and (8) will always 
recommend the application of some quantity of nutrients re­
gardless of how much the price ratio uses. Equations (9) to 
(12) will not recommend nutrient applications when price 
ratios are higher than their intercept values. If the price 
ratio were 0.65, all.recommendations would fall within 36 to 
56 pounds per acre, a range of 20 pounds. For a ratio of 
0.25, the recommendations would vary from 96 to 160 pounds 
per acre, a range of 64 pounds. Finally, recommendations of 
the six equations for a price ratio of 0.10—approximately 
the present price ratio—would fall within 160 to 200 pounds 
per acre, a range of 40 pounds. Hence, when drawing conclu­
sions about similarities or differences among mathematical 
forms of production functions on the basis of recommended 
optima, it should be remembered that these differences are 
influenced greatly by the selection of price ratios. 
If equations (1) to (6) were expanded to include two 
22 
nutrients, the shapes of the isocline families would be indi­
cated by the shapes of the marginal curves in Fig. 2- That 
is, the square root equation is known to have curved isoclines 
which are discontinuous at zero input rates while the quad­
ratic equation has linear isoclines which intersect the axes. 
Following this type of logic, the "3/4" function would have 
curved isoclines discontinuous on the axes and the origin; 
the other equations would have curved isoclines which inter­
sect the axes. Of the three powers, "5/4", "6/4", "7/4", 
the first, "5/4", would appear to have isoclines with the 
most curvature and the isoclines of the last, "7/4", would 
have isoclines with the least curvature. Hence, these equa­
tions can be used to estimate isocline families or portions 
of "isocline families which can not be estimated by square root 
equations or quadratic equations. 
When more than one nutrient is included*in an equation, 
the effects of interaction terms, when present, would have 
to be taken into consideration. Interaction terms commonly 
used are multiples of linear terms. However, investigation 
of other types of interaction terms would appear useful. 
Integration of the production 
economist's approach with other procedures 
It has been shown that disregarding the initial fertil­
ity of the experimental plots—nutrients available in the soil 
before fertilizer applications are made—may bias resulting 
23 
yield predictions.1 This bias will arise when yield responses 
obtained from an experiment are used to make fertilizer recom­
mendations for farm soils which differ from the experimental 
plots in initial fertility. This would cause the research 
worker to either overestimate or underestimate the amount of 
. nutrients needed by the farm soil. Also, neglecting the 
initial fertility of the soil might cause the true response 
pattern for different experiments to appear dissimilar when 
they are in fact similar. 
Briefly, the solution lies in estimating the amounts of 
nutrients available in the soil, calculating the rate of sub­
stitution of these nutrients for applied nutrients, and adding 
available amounts to applied amounts in order to estimate the 
total quantities of nutrients in the soil. Yield response can 
then be estimated as a function of total amounts of available 
nutrients. 
The approach advocated by Heady is not.unlike this solu­
tion. Once the true isocline family is specified, an estima­
tion of the initial fertility level of the soil is necessary 
to delineate the portions of the isocline family relevant for 
the experiment. On the basis of this estimate, the form of 
ÏR. L. Anderson. A comparison of Discrete and Continuous 
Models in Agricultural Production Analysis • In E. Lr Baum, 
Earl 0. Heady, and John Blackmore, eds. Methodological Pro­
cedures in the Economic Analysis of Fertilizer Use Data. pp. 
39-61. Ames, Iowa, Iowa State College Press. 1956. pp. 57-
60. 
24 
the mathematical equation is selected. This method takes into 
consideration the possibilities of the biases mentioned above. 
The important difference is the establishment by Heady of the 
isocline family representing the true response. This is 
actually an extension rather than a difference. 
To integrate the two approaches, assume first that an 
isocline family can be specified as outlined above. Then an 
equation would be selected which would represent the entire 
family of isoclines. If, for example, the isocline family 
appeared as in Fig. 1, a square root equation might be most 
appropriate. Next, the initial level of fertility and the 
substitution rate between initial and applied nutrients would 
be estimated. Finally, the amounts of nutrients available in 
the soil would be added to the rates of applied nutrients. 
This would, in addition to estimating the total amount of 
nutrients in the soil, cause a translation of the nutrient 
axes which would adjust the isocline map of the predicting 
equation for the initial fertility level of the soil."1" In 
Fig. 1, if OC of nutrient A and 02 of nutrient B represent 
the initial fertility level of the soil, F is the origin 
relevant for the experiment and the isoclines to be estimated 
1Translation of the axes means that although the origin 
of the isocline map predicted by the equation has been shifted 
to a new point in the nutrient plan the new axes are parallel 
to old axes. W- E. Milne and D. R. Davis- Introductory Col­
lege Mathematics. Boston, Mass., Ginn and Company. 1941. p. 
309. 
x 
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lie in the rectangle FKMG-. When fitting a square root equa­
tion to estimate the relevant isoclines, applied nutrient 
rates would be coded or transformed by the addition of amounts 
OC and» OE—or amounts of applied nutrients which they replace— 
to all applied rates of nutrients A and B, respectively. The 
resulting equation would then estimate only the relevant por­
tion of the isocline family. Hence, the equation which most 
adequately represents the entire family of isoclines would 
always be used in this procedure regardless of the amounts of 
nutrients in the soil. The initial fertility level of the 
soil would be taken into account by translation of the nutri­
ent axes of the isocline map. This can be done because the 
relationships derived for the economic analysis are not in-
i 
variant to transformation. 
This section has not attempted to deal with the many 
problems which might arise when the above procedures are put 
into use. Difficulties might arise when (1) estimating the 
initial fertility levels of the soils, (2) calculating re­
placement rates between residual and applied nutrients, and 
(3) attempting to secure biological foundations on which iso­
cline families are based. Use of any of the procedures out­
lined above does not obviate the need, on the part of the 
Ipaul A. Samuelson. Foundations of Economic Analysis. 
Cambridge, Mass., Harvard University Press. 1948. pp. 29 
and 125. 
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person making farm recommendations, for knowledge about the 
level of fertility of farm soils. 
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OBJECTIVES OF THIS STUDY 
The above discussion has outlined some of the general 
problems in this area of research, presented briefly pro­
cedures now being used to approach these problems, and offer­
ed some alternative approaches which might be used. With 
this discussion establishing a frame of reference, the pur­
poses of this study can be stated in detail. 
First, the usefulness of the methodological procedures 
outlined above depend on the existence of differences among 
alternative mathematical forms of equations. Obviously, 
there is no need to develop procedures to select among 
alternative functions if there are no differences among pre­
dictions of these functions. Hence, one purpose of this 
study is to fit four types of equations, a square root, a 
quadratic, a "5/2,H and a Cobb-Douglas function, to the same 
set of experimental data and compare predictions and economic 
recommendations derived from these functions. 
Second, it has been suggested that equations commonly 
used are often too simple to adequately represent complex 
biological relationships.^ That is, while both increasing 
iR. L. Anderson. Some Statistical Problems in the 
Analysis of Fertilizer Response Data. In E. L- Baum, Earl 0. 
Heady, John T. Pesek, and Clifford G-. Hildreth, eds. Eco­
nomic and Technical Analysis of Fertilizer Innovations and 
Resource Use. pp. 187-206. Ames, Iowa, Iowa State College 
Press. 1S57. pp. 187-193. 
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and decreasing returns may occur in a set of data, these 
equations are capable of predicting only one or the other of 
these relationships. Increasing returns, if present, will 
probably occur at application rates immediately beyond zero 
rates. Hence, according to this argument, if yield observa­
tions from check plots and zero rates of inputs are removed 
from the experimental results, increasing returns will prob­
ably also be eliminated and the remaining portion of the re­
sponse curve can be more closely approximated by existing 
functions. Therefore, this procedure should remove differ­
ences in predictions of equations. The second purpose of 
this study is to remove yields resulting from zero applica­
tion rates from a set of data and compare predictions and 
recommendations of the four functions mentioned above when 
fitted to these data. Further, by using the same set of 
experimental data in both parts of the study, functions ob­
tained before and after the deletions can be compared. 
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ANALYSIS OP EXPERIMENTAL DATA INCLUDING 
ALL YIELD OBSERVATIONS 
Data for this study are from an experiment conducted in 
1952 with corn on calcareous Ida silt loam in western Iowa. 
These data have been reported in previous studies"*" but were 
selected for use here because of the yield response character­
i s t i c s  t h e y  e x h i b i t .  T h e  e x p e r i m e n t  w a s  a n  i n c o m p l e t e  9 x 9  
factorial; from a possible total of 81 treatment combina­
tions, 57 were selected for use in the experiment. By apply­
ing each treatment to two plots within the completely ran­
domized design, 114 observations were obtained. The two 
variable nutrients were nitrogen in the form of ammonium 
nitrate and PgO$ in the form of concentrated superphosphate. 
Yields of the experimental plots are presented in Table 
3. Because of the favorable conditions of the 1952 growing 
season, large yields responses were obtained from the applied 
nutrients. These increases resulted mainly from interactions; 
increases caused by one nutrient were relatively small when 
the other nutrient was not applied- For example, the average 
yield resulting from 40 pounds of nitrogen was 17.9 bushels 
per acre when PgOs was zero and the average yield from 40 
pounds of PgOg was 28.2 bushels when nitrogen was zero - But 
^-Heady, Pesek, and Brown, or>. cit., pp. 304-312- Earl 
0. Heady and John T. Pesek. A Fertilizer Production Surface 
with Specification of Economic Optima for Corn Grown on Cal­
careous Ida Silt Loam. Journal of Farm Economics. 36:466-
482- 1954. 
fable 3. Bushels of corn per acre resulting from specified nitrogen and PgOg 
applications, Ida silt loam, 1952 
Pounds 
of PpOfi Pounds of nitrogen per acre 
per acre 0 40 80 120 160 200 240 280 520 
0 24.6 6-2 
23.9 
11.8 
28.7 
6.4 
26.1 
24.6 
17.3 
7.2 
7.3 
10.0 
16.2 
6.8 
26.8 
7.7 
26.1 
19.0 
40 
26.7 
29.6 
60.2 
82.5 
— — —  
96.0 
107.0 
95.4 
96.4 •* — —— 
81.9 
76.4 
80 
22.1 
30.6 — —  
99.5 
115.4 — — 
115.9 
72.6 —— 
112.4 
125.6 —-
129.0 
82.0 
120 
44.2 
21.9 
—— 119.4 
97.3 
113.6 
102.1 
114.9 
129.2 
124.6 
83.0 
160 
12.0 
34.0 
96.2 
80.7 
102.2 
108.5 
133.9 
124.4 
129.7 
116.3 
106.7 
115.5 
130.5 
124.3 
123.6 
142.5 
135.6 
122.7 
200 
37.7 
34.2 
81.1 
51.0 
— 128.7 
109.3 
140.3 
142.2 
— —  136.0 
118.2 
240 
38.0 
35.0 — —  
97.2 
107.8 ***** 
127.0 
125.8 —«* 
121.1 
114.2 
130.9 
144.9 
280 32.4 27.4 
— 
— 129.5 
125.2 
134.4 
127.6 «"»** 
130.0 
141.9 
124.8 
114.1 
320 
6.3 
17.9 
79.5 
39.8 
116.9 
83.6 
135.7 
121.5 
122.9 
122.7 
138.7 
126.1 
127.3 
139.5 
131.8 
111.9 
127.9 
118.8 
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when nitrogen and PgOs were both applied at 40 pound rates, 
the resulting yield was 71.4 bushels per acre. The highest 
average yield resulted from 200 pounds each of nitrogen and 
P2O5. This yield, 141.3 bushels per acre, is 126f0 bushels 
above the check plot average. In general, the data show de­
creasing yields resulting from high input rates. 
The Regression Analysis 
Because the response data used for this study have been 
used previously, the significance or size of response of 
yields to the applied nutrients was known at the beginning 
of this study. That is, it was known that large responses 
resulted from applications of each nutrient and that there 
were large interactions between the nutrients; t values of 
coefficients for nitrogen and PgOg were highly significant.^ 
Hence, the regression analysis was not conducted to select 
appropriate terms for equations but rather, as decided be­
forehand, to fit four equations to the data to facilitate 
their comparison. The equations obtained are the square 
root (13), the quadratic (14), the M3/2" (15), and the Cobb-
Douglas (16). In these equations, Y is the predicted corn 
yield per acre while N and P are the pounds of nitrogen and 
P2O5 per acre, respectively. 
3-Heady, Pesek, and Brown, oj>. cit., p. 304. 
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(13) Y = -5.6820 + 6.3512Nly^2 + 8.5155P1/2 - 0.316IH -
0.4174P + 0.3410K1^2P1^2 
A O 
(14) Y = -7.5115 + 0.5843N + 0.6638? - 0.00163T -
0.0018P2 + 0.0008NP 
(15) Y = -13.6238 + 0.9839N + 1.1285P - 0.0500N3^2 -
0.0576P3/2 + 0.0008NP 
(16) Y = 2.76K0*2877 p0»4090 
The coefficient of determination, signifying the per­
centage of treatment sum of squares explained by an equation, 
is 0.95 for the square root equation (13), 0.86 for the quad­
ratic equation (14), and 0.39 for the "3/2" equation (15). 
Of the polynomials, the square root equation yields the 
highest R2 while the quadratic has the lowest R^. This is 
consistent with the equations presented above (page 16). 
Yield intercept values of the polynomials do not show the 
consistency present in the equations above since the "3/2u 
function has a negative intercept larger than either of the 
other two. Analyses of variance of regression for these 
equations are presented in Table 4. 
The Cobb-Douglas equation was fitted to yields obtained 
by subtracting the average yield of the check plots from the 
yields of the other plots. When this procedure is used, 
yields smaller than check plot yields must be omitted. 
Therefore, the R2 for the Cobb-Douglas equation, 0.86, based 
on the total sums of squares associated with the 105 observa-
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Table 4. Analyses of variance of regression for equations 
fitted to all yield observations, Ida silt loam, 
1952a 
Source of variation 
Degrees of 
freedom 
Sum of 
squares 
Mean 
squares 
Total 113 242,707 4,175 
Treatments 56 233,811 
Due to regression of 
square root equation (13) ( 5 
( 
(51 
222,828 44,566 
Deviations from regression 10,983 215 
Due to regression of 
quadratic equation (14) ( 5 
( 
(51 
201,943 40,389 
Deviations from regression 31,868 625 
Due to regression of 
"3/211 equation (15) ( 5 
( 
(51 
208,582 41,716 
Deviations from regression 25,229 495 
Among plots treated alike 57 8,896 156 
sThe Cobb-Douglas function is not included because it 
was not fitted to all yield observations. 
tions to which, the function was fitted, cannot be compared to 
those of the other functions. And, the yields presented below 
were obtained by adding the check, plot average yield to yields 
predicted by the equation. The Cobb-Douglas equation was 
estimated by least squares after the variables were trans­
formed into logarithmic form. Fertilizer rates of zero were 
replaced in the transformation by the logarithm of 0.1. 
0 
40 
80 
120 
160 
200 
240 
280 
320 
0 
40 
80 
120 
160 
200 
240 
280 
320 
Bushels of corn per acre predicted by four types of production 
functions (fitted to all yield observations) for specified nitrogen 
and P2O5 applications, Ida silt loam, 1962 
Pounds of nitrogen per acre 
0 40 80 120 160 200 240 280 320 
A. Square root function (13) 
- 6 . 7  81.8 25.8 25.9 24.0 20.9 16.8 12.1 6.8 
31.6 72.6 82.3 88.7 88.5 88.6 87.4 86.3 82.5 
37.1 83.9 95.9 102.1 105.4 106.8 106.9 105.9 104.1 
37.6 88.7 102.4 110.1 114.5 116.9 117.9 117.8 116.8 
36.3 90*1 105.4 114.2 119.6 122.9 184.6 126.2 124.9 
31.6 89.3 106.9 116.7 122.0 126.1 128.6 129.7 130.0 
26.1 87.0 104.8 115.6 122.6 127.4 130.4 138.2 133.0 
19.9 83.6 102.5 114.1 121.9 127.2 130.8 133.2 134.6 
13.1 79.2 99.2 111.5 120.0 126.0 130.1 132.9 134.7 
B. Quadratic function (14) 
-7.6 13.3 29.2 39.8 45.5 46.1 41.7 32.2 17.6 
16.2 38.3 55.4 67.4 74.4 76.3 73.1 64.9 61.6 
34.1 67.5 75.9 89.2 97.5 100.7 98.8 91.9 79.9 
46.3 71.0 90.7 105.3 114.9 119.4 118.8 113.2 102.5 
63.0 78.7 99.8 115.6 126.6 132.3 133.0 128.7 119.3 
63.4 80.7 103.0 120.2 132.3 139.4 141.5 138.4 130.4 
48.3 76.9 100.6 119.0 132.5 140.8 144.1 142.4 136.7 
37.6 67.4 92.3 112.0 126.8 136.6 141,1 140.7 136.2 
20.9 52.1 78.3 99.4 116.4 126.4 132.3 133.2 129.0 
Table 6. (Continued) 
Pounde 
of P0O5 Pounds of nitrogen per acre 
per acre 0 40 80 120 160 200 240 280 320 
0. "3/2" function (15) 
0 —13 • 6 13.1 29.3 38.8 42.7 41.9 36.8 27.8 15.3 
40 16.9 44.9 62.5 73.2 78.4 78.9 75.1 67.4 56.2 
80 35.4 64.7 83.6 95.6 102.1 103.8 101.3 95.0 85.0 
120 46.0 76.6 96.8 110.1 117.9 120.9 119.7 114.6 106.0 
160 50.3 82.2 103.6 118.2 127.3 131.6 131.7 127.9 120.6 
200 49.1 82.3 105.0 120.9 131.3 136.9 138.3 135.8 129.7 
240 42.9 77.4 101.4 118.6 130.3 137.2 139.9 138.7 133.9 
280 32.3 68.1 93.4 111.9 124.9 133.1 137.0 137.1 133.6 
320 17.6 54.7 81.3 101.0 115.3 124.8 130.1 131.4 129.2 
D. Cobb--Douglas function (16) 
0 15.4 18.5 19.2 19.7 20.0 20.4 20.6 20.9 21.1 
40 21.8 51.5 59.5 65.0 69.2 72.8 75.9 78.6 81.1 
80 24.0 63.4 74.0 81.2 86.9 91.6 95.7 99.4 102.6 
120 ' 25.5 72.0 84.5 93.1 99.9 105.4 110.2 114.5 118.4 
160 26.8 79.1 93.1 102.8 110.3 116.6 122.0 126.9 131.2 
200 27.8 85.2 100.6 111.1 119.4 126.3 132.2 137.5 142.3 
240 28.8 90.6 107.2 118.5 127.5 134.9 141.3 147.0 152.1 
280 29.7 95.5 113.1 125.2 134.7 142.6 149.5 155.5 161.0 
320 30.5 100.0 118.6 131.4 141.4 149.8 157.0 163.4 169.2 
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rates. The quadratic, in fact, has a linear marginal product 
equation, indicating a constant rate of increase. These 
functions predict maximum yields at higher yield but lower 
input levels than the square root function. The quadratic 
function predicts a maximum yield at input and yield levels 
slightly higher than the "3/2" function. Contrariwise, the 
"3/2" function predicts slightly higher yields for nutrient 
applications between 40 to 120 pounds per acre. Because 
the "3/2" function has a smaller term accounting for dimin­
ishing returns, its predictions decrease less rapidly from 
the maximum and will eventually become larger than predic­
tions of the quadratic function. 
The Cobb-Douglas function has purposely been omitted 
from the discussion until now because general comparisons of 
its predictions to those of other functions are virtually 
impossible. Unlike the polynomials, its predictions are 
subject to constant elasticity and thus do not attain a 
maximum. When either nutrient application is zero, yield 
response predicted for the other appears almost linear, being 
at first above, then below, and finally above the predictions 
of the polynomial equations as the rate of application in­
creases from zero. When both nutrients are present, predic­
tions of the Cobb-Douglas function increase relative to the 
other functions until they surpass all other predictions at 
the highest input rates• For example, at 320 pound applica­
42 
tion rates for nitrogen and PgOs, the Cobb-Douglas function 
predicts 169.2 bushels per acre, while the square root, 
quadratic, and "5/2u functions predict 134.7, 129.0, and 
129.2 bushels, respectively. 
In order to show the differences described above more 
clearly, curves depicting yield responses predicted by the 
functions are presented in Pigs. 7 to 12« Figs. 7, 8, and 9 
show yield responses predicted by the functions when nitro­
gen is varied and PgOg is constant at 0,. 160, and 320 pounds 
per acre, respectively. Figs. 10, 11, and 12 show response 
to PgOg when nitrogen is constant at 0, 160, and 320 pounds 
per acre, respectively. 
Marginal Physical Products 
Marginal physical product equations, derivatives of 
production functions, predict the slope or rate of change of 
yield predictions of the functions for any rate of nutrient 
input. Hence, examination of marginal products will illus­
trate further the differences among the production functions. 
Equations (17), (18), (19), and (20) are the marginal 
physical product equations of nitrogen for the square root 
function (13), quadratic function (14), M3/2" function (15), 
and Cobb-Douglas function (16), respectively. 
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(17) -4§ = 0.3161 + 3.1756N~i/r2 + 0.1705P1/2 N"1^2 à K 
(18) = 0.5845 - 0.0032N + 0-0008P 
A 
(19) — = 0.9839 - 0.0749N 2 + .0008? 
A 
(20) - = 0.2877N"1 (Y) 
Terms in these equations are as previously defined. Inter­
actions between the nutrients cause each of the polynomial 
equations to have a P9O5 term, signifying the magnitude of 
the marginal product of one nutrient is dependent upon the 
amount of the other present in the soil. Predictions of these 
equations are included in Table 6. 
The marginal product equation for the square root func­
tion is discontinuous at aero input rates and forms a curve 
convex to the origin ( see marginal curves on page 20). When 
?2°5 zero, marginal products of nitrogen predicted by the 
square root function are at first larger—the marginal product 
of one pound of nitrogen is 2.86 bushels—but rapidly de­
crease and are smaller than marginal products of the other 
polynomials for input rates between 40 and 120 pounds. Be­
cause the square root function does not predict diminishing 
returns as markedly as the other polynomials, its marginal 
product decreases less rapidly as nutrient inputs increase 
to high levels. Therefore, its marginal products again be­
come larger at these high levels. As the rate of PgOg 
tble 
•oun 
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0 
40 
80 
120 
160 
200 
240 
280 
320 
Marginal physical products of nitrogen measured in bushels of corn per 
acre predicted by four types of production functions (fitted to all 
yield observations) for specified PgOg applications, Ida silt loam, 1952 
Pounds of nitrogen per acre 
0 40 80 120 160 200 240 280 320 
A. Marginal physical products for square root function (13) 
predicted by equation (17) 
«•«» 0.19 0.04 0.02 -0.07 -0.09 -0.11 -0.12 -0.14 
0.36 0.16 0.07 0.02 -0.02 -0.04 -0.06 —0.08 
0.43 0.21 0.11 0.06 0.01 -0.01 -0.04 —0.06 
0.48 0.24 0.14 0.08 0.04 0.01 -0.01 —0 • 03 
— 0.62 0.28 . 0.17 0.11 0.06 0.03 0.01 -0.02 
***** 0.57 0.31 0.19 0.13 0.08 0.04 0.02 -0.01 
M»** 0.60 0.33 0.21 0.14 0.10 0.06 0.03 -0.01 
0.63 0.36 0.23 0.16 0.11 0.07 0:04 0.02 
0.67 0.37 0.25 0.18 0.12 0.09 0.06 0.03 
B. Marginal physical products for quadratic function (14) 
predicted by equation (18) 
0.68 0.46 0.33 0.20 0.08 -0.05 -0.17 -0.30 -0.43 
0.62 0.49 0.36 0.24 0.11 -0.02 -0.14 -0.27 -0.40 
0.66 0.62 0.40 0.27 0.14 0.02 -0.11 -0.24 —0 » 36 
0.68 0.56 0.43 0.30 0.18 0.06 -0.08 -0.20 -0.33 
0.71 0.59 0.46 0.33 0.21 0.08 -0.05 -0.17 —0.30 
0.76 0.62 0.49 0.37 0.24 0.11 -0.10 -0.14 -0.27 
0.78 0.66 0.63 0.40 0.27 0.15 0.20 -0.11 -0.23 
0.81 0.68 0.56 0.43 0.31 0.18 0.50 -0.07 -0.20 
0.84 0.72 0.69 0.46 0.34 0.21 0.80 -0.04 -0.17 
Table 6. (Continued) 
Pounds 
of PgOs Pounds of nitrogen per acre 
ïr aore 0 40 80 120 160 200 240 280 320 
c .  Marginal physical products for «3/2» function (15) 
predicted by equat ion (19) 
0  0.98 0.51 0.31 0.16 0,04 -0.08 -0.18 -0.27 -0.36 
40 1.02 0.64 0.35 0.30 0.07 —0.04 -0.14 —0.24 -0.32 
80 1.05 0.57 0.38 0.23 0.10 -0.01 -0.11 -0.21 -0.29 
120 1.08 0.61 0.41 0.26 0,13 0.02 -0.08 -0.17 -0.26 
160 1.11 0.64 0.44 0.29 0.17 0.05 -0.05 -0.14 -0.23 
200 1.15 0.67 0.48 0.33 0.20 0.09 -0.02 —0.11 -0.19 
240 1.18 0.70 0.51 0.36 0.23 0.12 0.02 -0.08 —0 • 16 
280 1.21 0.74 0.54 0.39 0.26 0.15 0.05 -0.04 -0.13 
320 1.24 0.77 0.57 0.42 0.29 0.18 0.08 -0.01 -0.10 
D. Marginal physical products for Cobb-Douglas function (16) 
predicted by equation (20) 
0 M mat 0.13 0.07 0.05 0.04 0.03 0.02 0.02 0.02 
40 0.37 0.21 0.16 0.12 0.10 0.09 0.08 0.07 
80 0.46 0.27 0.19 0.16 0.13 0.11 0.10 0.09 
120 0.52 0.30 0.22 0.18 0.15 0.13 0.12 0.11 
160 0.57 0.33 0.25 0.20 0.17 0.15 0.13 0.12 
200 0.61 0.36 0.27 0.21 0.18 0.16 0.14 0.13 
240 0.65 0.39 0.28 0.23 0.19 0.17 0.15 0.14 
280 0.69 0.41 0.30 0.24 0.21 0.18 0.16 0.14 
320 —* 0.72 0.43 0.31 0.25 0.22 0.19 0.17 0.15 
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applications increase, similar relationships are present but 
the size of the marginal products for the square root function 
increase relative to the others. 
Marginal products predicted by the quadratic and the 
"3/2" function are similar. The "3/2" marginal curve is 
convex to the origin while the quadratic marginal equation is 
linear (page 20). Marginal yields of the "3/211 function are 
larger than those of the quadratic function for nitrogen 
inputs up to 40 pounds, smaller between 80 and 200 pounds, 
about equal at 240 pounds, and larger for higher nitrogen 
inputs. Predictions for the "3/2" function are larger at 
high input rates because it has a smaller term representing 
diminishing returns than the quadratic function. 
The marginal curve for the Cobb-Douglas function pre­
dicts large values at low nutrient input rates—when PgOs 
is zero a marginal product of 4.43 bushels is predicted for 
the one pound rate of nitrogen, is convex towards the origin, 
and is asymptotic to the nitrogen axis. In relation to mar­
ginal products of the polynomials, marginal products pre­
dicted by the Cobb-Douglas function are lower for low input 
rates but increase consistently until they are well above 
all others at high input rates. The Cobb-Douglas function 
does not predict negative marginal products just as it does 
not predict decreasing total yields. 
Equations (21), (22), (23), and (24) are the marginal 
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physical product equations of P2O5 for the square root func­
tion (15), quadratic function (14), *3/2" function (15), and 
Cobb-Douglas function (16), respectively. Terms in these 
equations are as defined above; predictions by these equa­
tions are presented in Table 7. 
(21) = -0.4174 + 4.2578P™1/2 + 0.1705N1/2 p"1/2 
A 
(22) = 0.6638 - 0.0036P + 0.0008N 
d Jr 
(23) -§| = 1.1285 - 0.0864P1/2 + 0.0008N 
(24) -|| = 0.4090P"*1 (Y) 
In general, characteristics and differences discussed 
above for marginal curves for nitrogen are similar for PgOs 
curves. Therefore, this discussion will not be repeated here 
except to note that for similar functions and input combina­
tions marginal products of PgOs are generally larger than 
those of nitrogen. 
To find the input rate at which the marginal product 
of a nutrient is zero, the marginal product equation for 
that nutrient must be equated to zero and solved for the 
nutrient. When interactions are present, the rate of appli­
cation at which the marginal product of the nutrient is zero 
is dependent upon the amount of other nutrient present. For 
example, if equation (18) were solved as described, nitrogen 
would be found to be a linear function of PgOg, meaning that 
Table 7• Marginal physical products of PgOg measured In bushels of corn per acre 
predicted by four types of production functions (fitted to all yield 
observations) for specified nitrogen applications, Ida silt loam, 1952 
Pounds of 
nltroeen Pounds of PgOg per acre 
per acre 0 40 80 120 160 200 840 280 3g0 
À. Marginal physical products for square root function (13) 
predicted by equation (21) 
0 0.26 0.06 —0.03 -0.08 -0.11 -0.14 -0.16 -0.18 
40 m» m* 0.43 0.17 0.07 0.01 —0»04 -0.07 -0.10 -O.lg 
80 0.49 0.24 0.11 0.04 -0.01 —0 04 -0.07 -0.09 
120 -- 0.66 0.27 0.14 0.07 0.02 -Ci .02 -0.05 -0.07 
160 —— 0.60 0.30 0.17 0.09 0.03 —0 «01 -0.03 -0.06 
200 ttmmm 0.64 0.33 0.19 0.11 0.05 0.02 -0.02 -0.04 
240 — 0.67 0.36 0.21 0.13 0.07 0.03 -0.01 -0.03 
280 0.71 0.38 0.23 0.14 0.09 0,04 0.01 —0.03 
320 — 0.74 0.40 0.25 0.16 0.10 0.05 0.02 0.01 
B. Marginal physical products for quadratic function (14) 
predicted by equation (22) 
0 0.66 0.62 0.38 0.23 0.09 -0.05 -0.20 -0.34 —0.49 
40 0,70 0.55 0.41 0.26 0.12 -0.02 -0.16 —0.31 -0.45 
80 0.73 0.58 0.44 0.30 0.15 -0.01 -0.13 -0.28 —0 «43 
120 0.76 0.62 0.47 0.33 0.19 0.04 -0.10 -0.25 —0.39 
160 0.79 0.65 0.51 0.36 0.22 0.07 -0.07 -0.21 —0 « 36 
200 0.83 0.68 0.54 0.39 0.26 0.11 -0.04 —0.18 -0,32 
240 0.86 0.71 0.57 0.43 0.28 0.14 -0.00 -0.16 -0.29 
280 0.89 0.75 0.60 0.46 0.32 0.17 0.Ô3 -0.12 -0.26 
320 0.92 0.78 0.64 0.49 0.35 0.20 0.06 —0.08 —0.23 
Table 7. (Continued) 
Pounds of „ 
nitrogen Pounds of P3O5 per acre 
per acre 0 40 80 120 160 200 240 280 320 
1 
0. Marginal physical products for "3/2" function (15) 
predicted by equation (23) 
0 1.13 0.58 0.36 0.18 0.03 —0 • 10 -0.21 -0.32 -0.42 
40 1.16 0.55 0.39 0.21 0.07 "•0.06 —0.18 -0.29 —0.39 
80 1.19 0.52 0.42 0.25 0.10 ~0.03 -0.15 —0«25 —0«35 
120 1.23 0.49 0.45 0.28 0.13 -0.00 -0.11 -0.22 —0.32 
160 1.26 0.45 0.48 0.31 0.16 0.04 —0 «08 —0.19 -0.29 
200 1.29 0.42 0.52 0.34 0.20 0.07 -0.05 -0.16 -0.26 
240 1.32 0.39 0.55 0.38 0.23 0.10 -0.02 -0.12 -0.22 
280 1.35 0.36 0.58 0.41 0.26 0.13 0.02 -0.09 -0.19 
320 1.39 0.3g 0.61 0.44 0.29 0.16 0.05 . -0.06 -0.16 
D. Marginal physical products for Cobb-Douglas function (16) 
predicted by equation (24) 
0 m — 0.22 0.12 0.09 0.07 0.06 0.05 0.04 0.04 
40 0.53 0.32 0.25 0.20 0.17 0.15 0.14 0.13 
80 0.60 0.38 0.29 0.24 0:21 0.18 "0.17 0.15 
120 0.66 0.42 0.32 0.26 0.23 0.20 0.18 0.17 
160 0.71 0.44 0.34 0.28 0.24 0.22 0.20 0.18 
200 mmmm 0.74 0.47 0.36 0.30 0.26 0.23 0.21 0.19 
240 «M»*» 0.78 0.49 0.38 0.31 0.27 0.24 0.22 0.20 
280 — 0.80 0.51 0.39 0.32 0.28 0.25 0.23 0.21 
320 0.83 0.52 0.40 0.34 0.29 0.26 0.24 0.22 
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the input rate at which the marginal product of nitrogen is 
aero will depend upon the size of PgOg applications. By 
solving equations (17) to (19) in this manner and substituting 
into them appropriate values of PgOg, nitrogen rates presented 
in Table 8 were derived. Rates of PgOs in Table 8 were cal­
culated by applying the same procedures to equations (21) to 
(23). The Cobb-Douglas function was excluded from this por­
tion of the analysis because it does not predict zero or 
negative marginal products. 
The quantities included in Table 8 define, for each 
equation, the ridge lines or limits of substitution between 
the nutrient inputs. These ridge lines are curved for the 
square root function but linear for the "3/2u and quadratic 
functions (Pigs. 13, 14, and 15 below). Ridge lines for the 
"3/2" and quadratic functions are similar to each other but 
different from those of the square root equation. The largest 
range of substitution allowed by these functions occurs where 
the ridge lines intersect the axes, or when the application 
rate of one nutrient is zero. This range of substitution 
becomes increasingly small as nutrient inputs increase until 
the ridge lines intersect at the point of maximum yield. At 
this point there is no substitution. Ridge lines for the 
square root function diverge slightly as they "leave" the 
nutrient axes but change directions and slowly converge as 
nutrient inputs increase. Thus, the quadratic and "3/2" 
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Table 8. Application rates at which marginal physical 
products of nitrogen and PgOs are zero predicted 
by three types of production functions (fitted 
to all yield observations)., Ida silt loam, 1952 
A. Application rates at which marginal physical products 
of nitrogen are zero given specified amounts of PgOg 
Pounds Pounds of nitrogen per acre 
of P2O5 Square root Quadratic *3/2* 
per acre function (13) function (14) function (15) 
0 109 185 172 
40 181 195 184 
80 221 205 196 
120 . 254 216 208 
160 285 226 221 
200 512 256 234 
240 559 246 247 
280 564 257 261 
520 588 267 275 
B. Application rates at which marginal physical products 
of P2O5 are zero given specified amounts of nitrogen 
Pounds of Pounds of P2O5 per acre 
nitrogen Square root Quadratic *3/2" 
per acre equation (15) equation (14) equation (15) 
0 104 185 170 
40 165 194 180 
80 192 205 191 
120 215 212 201 
160 256 221 212 
200 255 250 223 
240 275 259 234 
280 290 248 246 
320 507 257 257 
functions allow wider ranges of substitution when ridge 
lines are close to the axes while the square root function 
allows wider ranges of substitution (than the other two func­
tions) at higher input levels. 
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z 
By setting the two marginal equations of a production 
function to zero and solving them simultaneously, the rates 
of nutrient application at which the predicted yield is a 
maximum can be obtained. When this is done with equations 
(17) and (21), it is found that square root function (13) 
predicts a maximum yield of 135.7 bushels of corn per acre 
when nitrogen and PgOs are applied at rates of 398 and 337 
pounds per acre, respectively. This predicted yield is not 
large as some yields actually obtained in the experiment; 
the input rates are both above upper limits of empirical 
observations. The nitrogen and PgOs inputs at which the 
quadratic function predicts a maximum yield of 144.2 bushels 
per acre, found by solving equations (18) and (22) simul­
taneously, are 246 and 240 pounds per acre, respectively. 
Finally, using equations (19) and (23), the maximum yield 
of the *3/2" function, 139.7 bushels per acre, occurs when 
244 pounds of nitrogen and 235 pounds of P2O5 are applied per 
acre. Input combinations from which the maximum yield re­
sults are similar for the "3/2"and quadratic functions, 
although the predicted yields vary slightly.^ The highest 
lit is the author's contention that when discussing 
differences among recommendations of functions differences 
in inputs are more important than differences in predicted 
yields. In an actual situation only one yield will result 
from a given input combination. Hence, the *3/2* function 
is judged to be more like the quadratic function than the 
square root function even though the predicted maximum yield 
of the "3/2" function is closest to that of the sauare root 
function. 
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average yield obtained on the experimental plots, 141.3 
bushels, occurred when 200 pounds of each nutrient was ap­
plied. Maximum input combinations derived are well above 
this 200 pound input figure but predicted maximum yields are 
all reasonably close to this yield figure. This might indi­
cate that production surfaces predicted by different equa­
tions display similar characteristics at similar yield levels 
but at different nutrient input levels. 
Yield Isoquants and Marginal Rates of Substitution 
Isoquant equations (25), (26), (27), and (28) were de­
rived from the square root function (13), quadratic function 
(14), "3/2" function (15), and Cobb-Douglas function (16). In 
these equations, used to compute various combinations of in­
puts which will produce a given yield, P2O5 is expressed as 
a function of nitrogen and yield. All terms are defined as 
above. 
(25) P = [10.2007.+ 0.4088N1/2 + 1.1979(16.411523^ -
0.4115N - 1.6696Y + 63.0275) 2 
(26) P = 184.7001 + 0.2257N + 278.2415(0.3867 + 
0.0053N - 0.00001N2 - 0.0072Y)1/'2 
(27) 0.0576P3/2 - (1.1285 + 0.0008N)P -
[-13.6238 + 0.9839N - 0.0500N3/2 - Y J = 0 
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Isoquants predicted "by equations (25), (26), (27), and 
(28) are presented in Figs. 13, 14, 15, and 16, respectively. 
The isoquants of all equations are convex to the origin, indi­
cating decreasing marginal rates of substitution, and are 
successively farther apart—on any straight line through the 
origin—as the yield level increases, indicating decreasing 
returns to fertilizer inputs. Isoquants of the square root 
function (Fig. 15) appear almost horizontal or vertical for 
considerable distances as they approach the ridge lines but 
curve sharply at their centers. The long distance between 
isoquants for the 110 and 130 bushel yields indicates an 
extremely slow rate of predicted yield increase (small mar­
ginal products) for these high yield levels. Isoquants for 
the quadratic and "3/2H functions (Figs. 16 and 17) slope more 
gradually but evenly than those of the square root equation. 
Also, isoquants of the "3/2" function are located slightly 
lower in the input plane than like isoquants for the quad­
ratic function. Or, this means that because the quadratic 
has a larger term representing diminishing return, it requires 
slightly -higher'nutrient input to produce a given yield than 
does the "5/2" function. Isoquants for the two are very 
similar, however. Isoquants for the Cobb-Douglas function 
are asymptotic to the nutrient axes. They are curved for 
low yield levels but, within relevant input limits, lose 
this curvature as yield levels increase. 
61 
320 
Ni 60 
co 120 
80 
-90 NUMBERS 50 TO _ 
^ 130 INDICATE 
YIELD LEVELS 4 
^ 70 OF ISOQUANTS 
0 40 80 120 160 200 240 280 320 
POUNDS OF NITROGEN PER ACRE 
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Input combinations which produce given yield levels and 
marginal rates of substitution for these combinations, tabu­
lar counterparts of the isoquants, are presented in Table 9. 
The input combinations were predicted by the isoquant equa­
tions; marginal rates of substitution, ratios of marginal 
products, were predicted by equations (29), (30), (31), and 
(32) for the square root, quadratic, "3/2," and Cobb-Douglas 
functions, respectively. 
(29) ajf/N = -0-3161 + (3.1756 + Q.l705P1/r2)N~1//2 
<2X/p 0.4174 + (4.2578 + 0.1705N1/2)?"1/2 
z30) JY/N _ 0.5843 - Q.Q052N + Q.Q008P 
3Y/P 0.6638 - 0.0036P + 0.0008N 
(3!) <^Y/N _ 0.9839 - Q.Q749H1^2 + Q.00Q8P 
«5Y/P 1.1285 - 0.0864P1/2 + 0.0008N 
(32) = 0.7034PIT1 
<?Y/P 
The data in Table 9 illustrate more precisely differ­
ences in isoquants. To obtain yields of 50, 70, and 90 
bushels, the square root function requires smaller nutrient 
inputs than the other polynomials. The requirements of the 
three are somewhat similar for the 110 bushel yield level 
but the square root function can not predict 130 bushels when 
nitrogen inputs fall as low as 220 pounds per acre. Input 
combinations and marginal rates of substitution for the quad­
ratic and "3/2" functions are most similar when the yield is 
Table 9. Combinations of nitrogen and PgOg required to produce specified corn 
yields and corresponding marginal rates of substitution predicted by 
four types of production functions (fitted to all yield observations), 
Ida silt loam, 1952 
Pounds Square root Quadratic "3/2" Cobb-Douglas 
of function (13) function (14) function (15) function (16) 
il tro-
gen 
per 
acre 
Pounds 
of 
Pg06 
per acre MRS(ff) 
Pounds 
of 
P2O5 
per acre MRS (Si) 
Pounds 
of 
P2O5 
per acre MRS(f§) 
Pounds 
of 
p2°5 
per acre 
Y - 50 
20 16 -0.66 102 -1.92 75 -1.79 59 -2.06 
40 9 -0.20 72 -1.18 49 -0.98 36 -0.63 
60 6 -0.08 52 -0.83 33 —0.63 27 -0.32 
80 5 —0 • 04 38 -0.65 22 -0.42 22 —0 » 19 
Y - 70 
40 34 -0.70 116 -1.98 95 -1.84 110 —1.93 
60 25 -0.30 86 -1.16 68 -0.99 83 -0.97 
80 21 -0.15 67 -0.79 52 —0«63 67 -0.69 
100 19 -0.08 54 -0,57 42 -0.41 58 -0.41 
• Y » 90 
60 76 -2.73 161 -3.94 131 -2.72 177 -2.08 
80 59 -0.55 118 -1.40 97 -1.15 145 -1.27 
100 51 -0.29 96 -0.86 79 —0 » 68 123 -1.07 
120 46 -0.17 82 -0.58 68 -0.43 109 -0.64 
Table 9. (Continued) 
Pounds 
of 
nitro­
gen 
per 
acre 
Square root 
function (13) 
Pounds 
of 
Pg06 
per aore MRS(ff) 
Quadratic 
function (14) 
Pounds 
of 
r^aore pe  
"3/2" 
function (15) 
Pounds 
of 
p2°5 
per acre MRS(j§) 
Cobb-Douglas 
function (16) 
Pounds 
of 
per 2acre MR8(Sw) 
Y = 110 
100 156 -3,50 171 -3.16 149 -2.29 221 -1.66 
120 120 -1.02 136 -1.16 120 -0.03 194 —1.14 
140 105 —0 . 52 118 -0.67 105 -0.52 174 -0.88 
160 97 -0.29 107 —0 f4l 98 -0.29 159 -0.70 
Y = 130 
180 —-, 160 -0.62 160 -0.60 234 -0.91 
200 ***** — —  151 -0.26 158 -0.23 217 -0.76 
220 —— 149 —0 » 03 — 203 -0.65 
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130 bushels. In this case, marginal rates of substitutions 
of the ti3/2u function are only -0.03 less than for the quad­
ratic function. As explained above, discrepancies among the 
functions increase as the yield level decreases. The Cobb-
Douglas function requires higher PgOs inputs than the square 
root function for all yield and nitrogen levels; it requires 
less PgOs than the quadratic or "3/2" functions for yields of 
50 or 70 bushels but more for higher yields. Also, as the 
yield level increases, variations among marginal rates of 
substitution for a given (20 pound) change in nitrogen be­
come smaller indicating that isoquants are approaching linear­
ity, with relevant input ranges, as yield levels increase. 
Yield Isoclines 
The study up to this point has included a discussion of 
total yields, marginal yields, and marginal rates of substitu­
tion. Price relationships are brought into the analyses at 
this point, however, in the derivation of isoclines. By equat­
ing the marginal rate of substitution to the inverse of the 
price ratio, the isocline equation is obtained. Isoclines 
have the following properties: (1) they represent the least 
cost expansion path for the given price ratio since they 
predict the combination of nutrient inputs which minimize the 
cost of producing any given yield, and (2) maximum profit 
or optimum combinations of inputs may be obtained by expand­
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ing along an isocline until marginal costs equal marginal 
revenues. The importance of marginal rates of substitution 
presented above can now be clearly realized; differences in 
marginal rates of substitution predicted by the functions 
will cause isoclines to vary and predict different cost 
minimizing or profit maximizing nutrient combinations. Equa­
tions (53), (34), (35), and (36) are the isocline equations 
for the square root function (15), the quadratic function 
(14), the "3/2" function (15), and the Cobb-Douglas function 
(16). d equals Pn/Pp, the nitrogen - PgGg price ratio. The 
isoclines ere depicted graphically in Figs. 15, 14, 15, and 
16. 
(55) P = [-S.3126 + (-1.22403 + 0.9271)^/2 + 
2.9526(10.0845 + -2.0078 + 5.5548<5>J N1/2 + 
[(0.5161 + 0.4174 a)2 + 0.1165a] N)1^2] 2 
(54) p = 0.6658 3 - 0.5845 + (Q.0008a + 0.0052)N 
x 
' (0.0008 + 0.0056d ) 
(35) P = [-53.4952 a + 6.8.8119(0.0075 d 2 - 0.0052 + 
0.0056? + 0.0002N1/2 + 0.000005 2N)1/232 
(56) P = 1.4212 J R 
As mentioned, the shape of the isocline family is deter­
mined jointly with the curvature or slope of isoquants (the 
marginal rate of substitution). The marginal rate of sub­
stitution is, in turn, a ratio of marginal products. Because 
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the square root function predicts marginal products initially 
large but which decrease rapidly, isoquant slopes for this 
function are almost vertical (or horizontal) along their 
extremities (near ridge lines) but curve sharply in the 
center. Hence, isoclines for square r&ot functions tend to 
pass through the centers of isoquants and spread only for 
extreme price ratios and medium or high input rates. They 
begin at the origin, spread out as nutrient applications in­
crease, and converge at the point of maximum yield. The 
quadratic function has linear marginal equations and evenly 
sloping isoquants. Therefore, this function has linear iso­
clines which originate from either axis and converge at the 
point of maximum yield. The even slope of the isoquants 
cause the isoclines to be located throughout the area within 
the ridge lines, depending upon the price ratio. Although it 
has isoquants similar to the quadratic function, the "-3/2" 
function has isoclines which curve as they leave the nutrient 
axes but approach linearity for yields above 90 bushels. 
Again, these isoclines converge at the point of maximum yield. 
Isoclines for the Cobb-Douglas function are linear and pass 
through the origin. Hence, they do not converge but rather 
diverge as yield levels increase. 
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Economic Optima 
Cost minimizing combinations 
The combination of nutrient inputs which minimize the 
cost of producing a specific yield for given nutrient prices 
is represented by the coordinates of the point in the nutri­
ent plane where the salient isoquants and isoclines inter­
sect . For yields of 50, 90, and 130 bushels per acre and 
price ratios (Pn/Pp) of 5/1, 2/1, 13/1, 1/2, and 1/5, cost 
minimizing combinations of nitrogen and PgOs predicted by 
the four functions are presented in Table 10. The price 
ratios were selected to represent a wide range of possibil­
ities in order to facilitate comparison of the functions; 
however, the price ratio 13/9 represents present prices of 
nitrogen and PgOg purchases in single nutrient fertilizers. 
Combinations of nutrients in Table 10 display character­
istics of isoquants and isoclines previously mentioned and 
which need not be repeated in detail. Combinations predicted 
by the square root function are at first smaller (for yields 
of 50 and 90 bushels) but eventually larger (for 130 bushels) 
than combinations predicted by the other polynomial functions. 
Predictions of the U3/2M and quadratic functions are compar­
able for 130 bushel yield level but the "3/2" function pre­
dicts relatively smaller combinations as yield levels de­
crease. As yield levels.increase predictions of the Cobb-
Table 10. Cost minimizing combinations of nitrogen and PgOg for oorn yields of 
60, 90, and 130 bushels per aore predicted by rour types of production 
functions (fitted to all yield observations), Ida silt loam, 1952 
Price Square root Quadratic. "3/2" Oobb-Douglas 
ratio function (13) function (14) function (15) function (16) 
.Pn. Pounds of Pounds Pounds of Pounds Pounds of Pounds Pounds of Pounds 
*prv nitrogen of PgOg nitrogen of PgOg nitrogen of PgOg nitrogen of PgOg 
P per aore per aore per aore per aore per aore per acre per acre per acre 
A 
Y = 50 
5 6 36 4 147 4 117 12 86 
2 10 27 18 104 17 79 22 60 
13/9 13 24 30 84 26 64 26 63 
1/2 25 14 93 30 74 26 46 33 
1/5 39 9 142 14 118 11 76 22 
A 
Y = 90 
5 46 116 59 168 65 163 37 266 
2 64 88 70 135 65 119 62 175 
13/9 58 79 78 119 73 106 74 155 
1/2 83 57 127 77 114 71 143 97 
1/5 113 47 165 66 150 59 236 67 
Y = 130 
5 230 253 160 203 154 196 a 
2 235 235 164 187 160 181 — — 
13/9 239 229 161 178 163 174 138 283 
1/2 262 211 184 156 184 168 256 180 
1/6 284 204 204 150 202 152 — — — —  
aInput combinations are beyond limits of 1soquant and isocline map. 
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Douglas function increase relative to those of the other func­
tions; in fact, for 130 bushels most of its predictions are 
beyond the empirical limits of the experiment. 
Profit maximizing combinations— 
unlimited capital 
Optimum combinations of nutrients—combinations which 
result in maximum profit per acre—are computed by solving 
equations obtained by setting marginal product equations of a 
production function equal to their respective nutrient-corn 
price ratios. For example, the optimum combination for square 
root function (13) is obtained by equating marginal product 
equations (17) and (21) to the nitrogen-corn and PgOs-corn 
price ratios, respectively, and solving the resulting system 
for nitrogen and PgO$. Optimum combinations along with re­
sulting yields and profits predicted by the four functions 
are presented in Table 11 for varied corn and nutrient prices. 
Bices in Table 11 have been selected to conform closely 
to existing corn and nutrient prices. The #0.08, $0.13, and 
#0.15 costs per pound of nitrogen approximate costs of that 
nutrient in liquid forms, single nutrient dry fertilizers, 
and mixed dry fertilizers. Costs of PgOg are estimated to be 
$0.09 and #0.11 per pound in single nutrient and mixed forms, 
respectively. The #0.17 and #0.13 costs of nitrogen and PgOg 
were included to show effects of slight fertilizer price in-
Table 11. Corn yields, profits, and optimum combinations of nitrogen and P2O5 predii 
silt loam, 1952 . 
Price Cost of Square root function (13) Quadratic funct: 
of nutrients Pounds Pounds Pounds Pounds 
Situa­ com per pound of of Predicted Profit of of Pre 
tion per Nitro­ nitrogen P2O5 yield per nitrogen P2O5 
number bushel gen 1% per acre per acre per acre acre3. per acre per acre pei 
1 Si. 60 $0.08 $0.09 240 212 129.3 1168.57 225 220 14 
2 1.30 0.08 0.09 216 193 126.7 130.04 221 215 14 
3 1.00 0.08 0.09 185 168 122.5 92.64 213 203 14 
4 1.60 0.13 0.09 196 197 125.6 157.69 .215 218 14 
5 1.30 0.13 0.09 172 178 122.2 120.54 208 212 14 
6 1.00 0.13 0.09 140 153 116.6 84.62 196 204 13' 
7 1.60 0.15 0.11 178 180 122.9 150.12 210 213 141 
8 1.30 0.15 0.11 153 161 118.8 113.84 201 207 14( 
9 1.00 0.15 0.11 123 136 112.4 79.10 188 197 13' 
10 1.60 0.17 0.13 162 166 120.3 143.41 205 208 14< 
11 1.30 0.17 0.13 137 146 115.6 107.93 195 201 131 
12 1.00 0.17 0.13 108 121 108.4 74.29 180 189 13: 
Computed by multiplying increase in yield from use of fertilizer by price of cor 
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creases. Corn prices were selected to range slightly above 
and below present prices. 
For all functions, changes in nutrient prices have little 
effect on profits relative to changes in corn prices. For 
example, the price of corn falls $0.60 between situations 1 
and 3 and profits, predicted by the square root function, are 
lowered #76 per acre. However, variations in nutrient prices 
cause resulting profits predicted by this function to change 
only $10.88, $7.67, and $6.71 between situations 1, 4, 7, and 
10, respectively. The reason for this is clear; changes in 
corn prices are large in magnitude relative to changes in 
nutrient prices. Were the latter the larger of the two, they 
would have the more significant effect on profits. 
As mentioned above, recommended nutrient combinations are 
the most important considerations when comparing predictions 
of functions. This is true for two reasons : (1) recommenda­
tions are made to farmers to apply a certain number of pounds 
of nutrients rather than to attain certain yields or dollars 
of profit per acre, and (2) when actually applied to a soil, 
a combination of nutrients will result in only one yield 
(from the farmers' standpoint) although the functions might 
each predict a different yield for that input combination. 
To clarify, suppose all four functions predict a yield of 
135 bushels from the optimum input combination even though 
that combination is different for each function. Then the 
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true optimum would not be known because, in practice, the 
four combinations would result in four yields. If the func­
tions predicted different yields but similar inputs there 
would, in practice, be only one resulting yield. Hence, 
functions cannot be called similar (different) because yield 
predictions are similar (different). This does not obviate 
the need for examining yield and profit predictions; they can 
be useful in comparing differences among input combinations. 
However, emphasis here will be placed on nutrient predictions. 
Predictions of nutrient combinations by the polynomial 
functions are somewhat similar depending upon the price ratio 
considered. For situations 1, 2, and 4 in Table 11, nitrogen 
inputs predicted by these functions fall within a range of 
24, 11, and 19 pounds, respectively, while PgOg inputs range 
13, 22, and 21 pounds for the same situations.^ In general, 
discrepancies among the predicted nutrient combinations in­
crease in size as nutrient costs increase relative to corn, 
prices. For the most extreme ratio, differences increase up 
to 70 pounds for both nitrogen and PgOg (situation 12). 
Nutrient combinations predicted by the square root func­
tion are, of the polynomials, most sensitive to price changes. 
"Range" as used here means the number of pounds between 
the highest and lowest nutrient values predicted by the equa­
tions for price situations mentioned. For example, 240, 225, 
and 216 pounds of nitrogen are predicted by square root func­
tion (13), quadratic function (14), and "3/211 function (15), 
respectively, for price situation I. The range here is 24 
pounds. 
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Between situations 1 to 3, nitrogen and PgOs predictions by 
this function drop 55 and 44 pounds, respectively, as corn 
prices fall from #1.60 to #1.00. However, yield predictions 
decrease only slightly—3 bushels between situations 1 and 2 
and 4 bushels between situations 2 and 3—despite these large 
decreases in nutrient inputs. For the same situations, 
nitrogen and PgOg predictions drop 12 and 17 pounds, respec­
tively, for the quadratic function and 20 and 15 pounds, re­
spectively, for the "3/2M function. Despite this smaller 
decrease in nutrient inputs, yields predicted by these latter 
two functions decrease by about 3 bushels between situations 
1 and 3, a reduction similar to that predicted by the square 
root function. Because changes in yield are similar and 
profits depend largely upon corn prices, similar changes in 
profits between situations 1 and 3 are predicted by these 
functions. 
This characteristic of the square root function is caused 
by the gradual, almost horizontal slope of its marginal curves 
over the input range which includes the predictions. This 
slope makes the marginal curve sensitive to price changes; 
that is, a small change in price can cause a large shift in 
nutrient recommendations. In this input range, the marginal 
product is small and decreasing slowly and the total yield is 
increasing very slowly. Therefore, price changes cause large 
shifts in nutrient inputs but small changes in yields. The 
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quadratic function, with marginal product equations which 
decrease at a constant rate, and the "3/2" function, with 
marginal product equations which approach linearity as nutri­
ent inputs increase, do not illustrate this peculiarity. 
The consistency noted previously between predictions of 
the quadratic and "3/2" functions is also present in Table 11. 
Yields and profits predicted by the "3/2" function are only 
slightly lower than those of the quadratic function even when 
nutrient inputs vary by as much as 20 pounds (situations 10, 
11, and 12). Yields, profits, and input combinations pre­
dicted by these functions are higher than those of the square 
root function. 
The constant elasticity of the Cobb-Douglas function 
causes its predictions to be far beyond empirical limits of 
the experiment. In situation 1, it recommends 6 tons of 
nitrogen and 8 tons of PgOs per acre; the resulting yield and 
profit are about 2,000 bushels and #1,000 per acre. Obvious­
ly, these predictions are unreasonable but were included to 
demonstrate the characteristics of the function. 
In summary, differences do exist among predictions of 
the functions. These differences may be small or large, 
depending on the price ratios. Differences among the poly­
nomials are small for small price ratios but increase as 
price ratios increase. The quadratic and the "3/2" functions 
are quite similar; the Cobb-Douglas function differs extremely 
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from the polynomials. 
Profit maximizing combinations— 
limited capital 
The optimum nutrient combinations derived above are 
dependent upon the assumption that the farm operator has suf­
ficient capital to purchase needed fertilizer inputs. Use 
of these input combinations will maximize revenue from fer­
tilizer applications, that is, equate marginal revenue to 
marginal cost. But theory of the firm also requires that 
the marginal value of product of a dollar be equal when spent 
on alternative enterprises. Hence, the farm operator must 
have capital to enlarge all other enterprises to their most 
profitable positions. The assumption of unlimited capital 
allows this to be done. 
In practice, however, farmers do not have unlimited 
capital. They have a limited amount of capital which they 
allocate among competing enterprises on the basis of expected 
returns. Again, however, the marginal value of product of 
the last dollar available should be the same regardless of 
the enterprise to which it is diverted. These considerations 
have been largely neglected thus far in studies of this type. 
In an attempt to overcome this deficiency, the present 
portion of this study includes recommendations for fertilizer 
use in limited capital situations. The types of questions 
which may be answered with data of the type being considered 
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are: if, (say) #20 are available to purchase fertilizer, 
what quantity and proportion of nutrients should be used? 
Of, if $0.50 return is earned by an additional dollar spent 
on livestock, how much and what combination of nutrients 
should be purchased to insure at least a return of $0.50 for 
the last dollar spent for fertilizer. This problem may be 
approached from the standpoint of either mathematical or 
economic logic. The former requires placing a restriction 
on the profit equation while the latter involves establishing 
a position on an isocline. 
The data of this type will also suggest answers to ques­
tions about production functions hitherto unexplored. First, 
how will recommendations of these functions vary as movements 
are made along the isoclines? That is, will they become more 
or less similar as capital becomes less limiting. Second, 
how much profit is foregone by not using the optimum amounts 
of fertilizer? In this second case, the farm operator might 
prefer to invest less than optimum amounts if profit losses 
are small. In practice, of course, this decision would have 
to be made by each farm manager and will depend upon his risk 
preference, capital position, etc. 
Data presented in Table 12 include yields, profits, and 
marginal value products resulting from nutrient inputs which 
3-The procedure to derive limited capital solutions is 
described in the Appendix. 
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Table 12. Corn yields, profits, marginal value products and 
nitrogen and PgOs combinations predicted by four 
types of production functions (fitted to all yield 
observations) for limited capital situations when 
nitrogen and PgOs cost #0.13 and #0.09 per pound, 
respectively, Ida silt loam, 1952 
Dollars 
avail­ Price 
able Bushels of 
to buy Pounds of corn corn Profit 
Type of fertil­ per acre per per per 
function izer N P2O5 acre bushel acre® MVPN MVPp 
#10 38 56 77.5 #1.60 #113.94 §0.65 #0.47 
1.30 90.70 0.53 0.38 
1.00 67.46 0.41 0.29 
20 83 103 100.9 1.60 141.46 0.36 0.25 
1.30 111.18 0-29 0.20 
1.00 80.91 0.22 0.16 
Square 
root 30 131 145 114.6 1.60 153.42 0.22 0.16 
function 1.30 119.03 0.18 0.13 (13) 1.00 84.64 0.14 0.10 
40 180 184 123.4 1.60 157.39 0.15 0.10 
1.30 120.38 0.12 0.08 
1.00 38.37 0.09 0.07 
10 22 79 47.4 1.60 65.76 0.92 0-64 
1.30 51.56 0.75 0.51 
1.00 37.35 0.58 0.40 
20 74 116 86.7 1.60 113.64 0.71 0.49 
1.30 92-65 0.57 0.40 
Quadratic 1.00 66.95 0.44 0.31 
function 30 0.50 0.35 (14) 125 153 115.8 1.60 155.25 X is*/ 1.30 120.51 0.41 0.28 
1.00 85.78 0.31 0.22 
40 176 190 134.8 1.60 175.60 0.29 0.20 
1.30 135.18 0.23 0.16 
1.00 94.75 0.18 0.13 
^Computed by multiplying increase in yield from use of 
fertilizer by price of corn and subtracting cost of fertil­
izer. 
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Table 12» (Continued) 
Dollars 
avail­ Price 
able Bushels of 
to buy Pounds of corn corn Profit 
Type of fertil­ per acre per per per 
function izer N P2O5 acre bushel acre MVPjj MTTPp 
10 30 68 53.7 #1.60 #75.98 #1.01 #0.70 
1.30 59.86 0.82 0.57 
1.00 43.74 0.63 0.44 
20 78 110 93.3 1.60 129.25 0.66 0.46 
1.30 101-26 0.53 0.37 
"3/2" 1.00 73.28 0.41 0.28 
function 
(15) 30 128 148 118.5 1.60 159.63 0.41 0.29 
1.30 124.08 0.33 0.23 
1.00 88.52 0.26 0.18 
40 .179 187 133.6 1.60 173.78 0.21 0.14 
1.30 133.69 0.17 0.12 
1.00 93.61 0.13 0.09 
10 32 65 56.7 1.60 56.06 0.82 0.57 
1.30 43.68 0.67 0.46 
1.00 31.29 0.51 0.36 
20 64 130 82.3 1.60 87.09 0.60 0.41 
1.30 67.01 0.48 0.34 
Cobb- 1.00 46.93 0.37 0.26 
Douglas 
function 30 95 196 104.2 1.60 112.03 0.50 0.35 
(16) 1.30 85=40 0.41 0.28 
1.00 58.77 0.31 0.22 
40 127 261 123.9 1.60 133.57 0.45 0.31 
1.30 101.02 0.36 0.25 
1.00 68.48 0.28 0.19 
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can be purchased with limited amounts of capital. Amounts of 
capital assumed to be available were $10, #20, #30, and $40 
per acre. Three corn prices, #1.60, #1.30, and #1.00 per 
bushel, were included but, since this exposition is for 
methodological purposes, only one set of prices—#0.13 and 
#0.09 per pound of nitrogen and PgOg, respectively—was 
selected for the nutrients. This means that only one iso­
cline predicted by each function is compared in Table 12-
For presentation in popular form, more nutrient price ratios 
should be included. 
It should be noted that corn prices are not considered 
when deriving, the nutrient combinations presented in Table 12» 
This is because marginal costs are not equated to marginal 
revenues.' Hence, it is possible, when using this technique, • 
to derive input combinations larger than the optimum combina­
tion. 
Nutrient combinations recommended by the polynomial func­
tions vary somewhat for the #10 capital level but are very 
similar for the #20, #30, and #40 levels. In fact, recom­
mendations for the latter three levels could, for purposes 
of practical application, be called identical. However, 
yields and profits predicted from these inputs are not equal; 
the square root function, the "3/2u function, and the quad­
ratic function predict the highest yields and profits for the 
#20, #30, and #40 capital levels, respectively- Profit pre-
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dieted for the $30 capital level by the *3/2" function, 
$159.63 per acre for a corn price of $1.60 per bushel, is 
only $6.21 and $4.38 more than profit predictions of the 
square roort and quadratic functions, respectively. Marginal 
value of products predicted by the square root function are 
lower than those of the other two functions for all capital 
levels. The "3/2" function, however, predicts marginal value 
products higher than those of the quadratic for the $10 cap­
ital level but lower for all other capital levels. 
Nutrient combinations predicted by the Cobb-Douglas 
function are similar to those of other functions for the $10 
capital level but fall below other functions for higher 
capital levels. Because they are limited by the specified 
amounts of capital, all recommendations of this function 
in Table 12 appear more reasonable than those in Table 11. 
Yields and profits are lower than those predicted by other 
functions; marginal value products are at first lower but 
then higher than predictions of other functions. The latter 
is due, of course, to the constant elasticity of the Cobb-
Douglas function. 
When the price of corn is $1.60 per bushel and nitrogen 
and Pg05 cost $0.13 and $0.09 per pound, respectively, the 
maximum profit per acre predicted by the square root func- . 
tion, $157.69, results from inputs of 196 and 197 pounds of 
nitrogen and P2O5 per acre, respectively (situation 4, Table 
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11). The cost of this nutrient combination is $43.2-3. When 
capital is limited to $40, 180 pounds of nitrogen and 184 
pounds of P2O5 result in a profit of $157.39. With $30 of 
capital available, $153.42 profit results from 131 and 145 
pounds of nitrogen and P2O5, respectively. In this latter 
situation, the farm operator profits $4.26 less per acre but 
risks $13.23 less. For the square root function, a sizeable 
loss in profit does not occur until capital is limited to 
$20. 
The quadratic and "3/2" functions are similar to the 
square root function in that the profit resulting when the 
$40 capital limitation is imposed is not much different 
from the maximum profit. These functions are different from 
the square root functions, however, in that imposition of 
capital limitations beyond $40 does decrease profits sig­
nificantly. By reducing available capital from $40 to $30 
per acre, profits predicted by the quadratic and "3/2u func­
tions are reduced $20.15 and $14.15 per acre, respectively. 
The next $10 reduction in capital causes profits to fall by 
$36.61 and $30.38 per acre for these same functions. Here 
the farm operator must forego large gains for the privilege 
of not using $10. 
Predictions of the Cobb-Douglas function cannot realis­
tically be compared to the maximum profit position presented 
in Table 11. Profit reductions caused by successive $10 
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decrements in available capital are almost equal in size 
for this function, however. 
In summary, the following might be said of the three 
functions; first, for extreme capital requirements, either 
extremely high as represented in Table 11 or extremely low 
as represented by rates below the $10 capital level in Table 
12, differences between predicted nutrient combinations tend 
to be large; for capital levels between #20 and #40 per acre, 
these differences are small. Nutrient combinations which 
are the most similar are also closest to the mean levels of 
nitrogen and Pg°5 in the experiment, 160 pounds per acre. 
Even when nutrient combinations are similar, resulting yields 
and marginal quantities need not be, leading to differences 
in profits and marginal value products. Also, it might be 
mentioned that the shape of the response curve is responsible 
for profit losses resulting from inputs of less than optimum 
size. The square root function increases rapidly at low 
input rates but increases very gradually at high input rates; 
the quadratic and the "3/2" function increase more uniformly 
for all input rates. Hence, the former is relatively less 
sensitive profitwise to deviations from the optimum than are 
the latter. 
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ANALYSIS OF EXPERIMENTAL DATA OMITTING YIELD OBSERVATIONS 
RESULTING FROM NUTRIENT APPLICATIONS OF ZERO 
The experimental data analyzed in the chapter above are 
also used in this portion of the study. For the reasons dis­
cussed above, however, check plot yields and all other yields 
resulting from zero applications of nitrogen or PgOg were 
omitted from the regression analysis. Thus, the "experiment" 
for this portion is made up of the yields in Table 3 after 
the first row and first column of yields are omitted. Other­
wise, the data are the same. 
The data in Table 3 show large yield gains resulted from 
the first 40 pounds of applied nutrients. The expected result 
of omitting the zero observations would be to reduce predicted 
response to fertilizer. This portion of the study will 
examine equations fit to this "reduced" data in an attempt to 
ascertain whether predictions of these equations (1) vary 
among themselves more or less than those of the equations 
fitted to all observations and (2) vary significantly as a 
group from these equations. The characteristics of each 
equation and relationships between equations have been dis­
cussed in detail above and will not be repeated except for 
comparisons with new situations. 
The Regression Analyses 
The same four general types of equations presented above 
were fitted for the present analysis. The resulting equa­
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tions, square root equation (37), quadratic equation (38), 
"3/2" equation (39), and Cobb-Douglas equation (40), are 
presented below. All terms are as previously defined. 
(37) Y = -37.5002 + 15.5508^2 + 5.7321P^2 -
0.7077N - 0.3536P + 0.3941N1/2P1/2 
(38) Y = 38.3122 + 0.5093N + 0.2788P - 0.0013N2 -
0.0007P2 + 0.0004NP 
(39) Y = 25.2709 + 0.9279N + 0.5088P - 0.0449N3^2 -
0.0255P3^2 + 0.0005NP 
(40) Y = 19.94N°'2119 p0"1246 
The coefficients of determination, denoting the per­
centage of treatment sums of squares explained by the equa­
tions, are 0.84, 0.77, 0.78, and 0.45 for the square root 
equation (37), quadratic equation (38), "3/2" equation (39), 
and Cobb-Douglas equation (40), respectively. The R2's for 
the polynomials are about 10 percent below those resulting 
when all observations were included; the Cobb-Douglas equa­
tion, however, dropped by 50 percent. Again, while the dif­
ference in R2's of the quadratic and "3/2" equations are 
o 
negligible, the square root has the highest R and the quad­
ratic equation has the lowest R2 of the polynomials. Yield 
intercept values have no meaning because there were no ob­
servations for zero nutrient levels. Analyses of variance of 
regression for the four equations are presented in Table 13. 
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Table 13. Analyses of variance of regression for equations 
fitted to selected yield observations, Ida silt 
loam, 1952 
Source of variation 
Degrees of 
freedom 
Sums of 
squares 
Mean 
squares 
Total 79 38,439 
Treatments 39 31,001 795 
Due to regression of square 
root equation (37) ( 5 
( 
(34 
25,939 5,188 
Deviations from regression 5,062 149 
Due to regression of 
quadratic equation (38) ( 5 
( 
(34 
23,859 4,772 
Deviations from regression 7,142 210 
Due to regression of "3/2" 
equation (39) ( 5 
( 
(34 
24,274 4,855 
Deviations from regression 6,72? 198 
Due to regression of 
Cobb-Douglas equation (40) ( 2 
( 
(37 
17,217 8,609 
Deviations from regression 13,784 373 
Among plots treated alike 40 7,438 186 
Again, t values for individual coefficients are not listed. 
Equations (13) to (16), fitted to all observations, have 
larger coefficients for PgOs than for nitrogen, indicating 
a larger yield response to PgOg. Contrariwise, equations 
(37) to (40) have larger coefficients for nitrogen than for 
PgO§. Hence, the relative yield response to the nutrients 
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has "been changed by deleting the observations. Coefficients 
for the interactions do not show the consistent trends of the 
other coefficients. While deletion of the observations de­
creased interaction coefficients approximately 50 percent for 
the quadratic and "3/2" equations, this coefficient for the 
square root equation was increased. An indication of the 
change in yield response to the nutrients caused by omitting 
the observations can be obtained by comparing the sum of the 
exponents of the Cobb-Douglas equations. This sum is 0.70 
before and 0.53 after the deletion. In total, omitting the 
observations has had a large effect on the type of yield re­
sponse obtained. 
The number of observations was reduced from 114 to 80 by 
the deletion. Because these observations represented yields 
which were relatively large distances from the mean yield 
level, their omission greatly reduced total and treatment 
sums of squares. Total sums of squares were reduced from 
242,707 to 38,439 and treatment sums of squares were lowered 
from 233,811 to 31,001. Also, the mean corn yield was in­
creased from 86.07 to 113.39 bushels per acre. Sums of 
squares among plots treated alike decreased from 8,896 to 
7,438, a reduction of 1,458. Because treatment sums of 
squares were reduced relatively more than the sums of squares 
among plots treated alike, R2's of the equations were lowered 
by dropping the observations. 
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Predicted Yields and Production Surfaces 
Corn yields predicted by production functions (37) to 
(40) are presented in Table 14. Nutrient inputs in the table 
range from 40 to 320 pounds per acre. These yields are de­
picted geometrically in Pigs. 17 to 20. 
Yields predicted by the four functions are now more com­
parable than before the yield observations were dropped. 
Again, predictions of the quadratic and "3/2" functions are 
most similar and, in this case, are almost identical. The 
square root function, which characteristically predicts 
higher, lower, and, finally, higher yields than the other 
polynomials as nutrient inputs increase, still follows this 
pattern but now yield differences are quite small. For 
example, for 80 pounds of both nutrients, the square root 
function predicts 8.3 bushels more than the quadratic func­
tion; before the observations were dropped, this difference 
was 20.0 bushels. Predictions of the Cobb-Douglas function 
are more similar to those of other functions than before but, 
due to the constant elasticity assumption, still vary widely 
for some nutrient levels. The predicted yields of the func­
tions for 40 pound nutrient rates are all very close to the 
mean yield for that treatment level, 71.4 bushels. 
"While production functions (37) to (40) vary less among 
themselves than functions (13) to (16), their predictions as 
a group are different from those of the other functions 
Table 14. Bushels of corn per acre predicted by four types of production 
functions (fitted to selected yield observations) for specified 
nitrogen and PgOg applications, Ida silt loam, 1962 
Pounds 
of P2O5 Pounds of nitrogen per acre 
per acre 40 80 120 160 200 240 280 320 
A. Square root function (37) 
40 70.4 89.4 97.3 99.6 98.2 94.3 88.4 80.9 
80 77.8 99.5 109.5 113.6 113.7 111.2 102.2 100.3 
120 80.2 104.0 115.6 a 121.0 122.3 120.8 117.2 111.8 
160 80.0 106.6 118.6 126.0 127.3 126.7 123.9 119.4 
200 78.1 106.1 119.3 126.8 130.1 130.3 128.2 124.3 
240 75.1 103.6 118.8 127.2 131.2 132.1 130.7 127.4 
280 71.2 100.9 117.7 126.3 131.1 132.7 131.8 129.1 
320 66.6 97.4 114.6 : 124,6 130.0 132.2 131.9 129.8 
B. Quadratic function (38) 
40 67.3 82.2 93.0 99.7 102.3 100 V 8 95.2 85.4 
80 76.6 91.2 102.7 110.0 113.3 112.6 107.6 98.6 
120 81.4 97.7 109.9 118.0 122.0 121.9 117.6 109.3 
160 84.9 101.8 114.8 123.6 128.3 128.8 126.3 117.7 
200 86.0 103.7 117.3 126.8 132.1 133.4 130.6 123.6 
240 84.7 103.1 117.4 127.6 133.6 135.6 133.4 127.2 
280 81.1 100.1 116.1 126.0 132.7 135.4 133.9 128.4 
320 76.0 94.8 110.4 122.0 129.4 132.8 132.0 127.2 
Table 14. (Continued) 
Pounds 
of PgOg Pounds of nitrogen per acre 
per aore 40 80 120 160 200 240 280 320 
0. "3/2" function (39) 
40 65.6 82.7 93.6 99.6 101.3 99.2 93.6 84.8 
80 74.9 92.7 104.4 111.1 113.5 112.1 107.2 99.1 
120 81.4 99.2 111.6 119.0 122.2 121.5 117.3 110.0 
160 83.7 102.9 116.0 124.1 128.0 128.1 124.6 118.0 
200 84.2 104.2 118.0 126.9 131.4 132.2 129.5 123.6 
240 82.6 103.3 117.8 127.4 132.7 134.2 132.2 127.0 
280 79.0 100.4 115.6 125.9 132.0 134.2 132.9 128.4 
320 73.5 95.6 111.6 122.7 129.4 132.4 131.8 128.0 
D. Cobb-Douglas function (40) 
40 69.0 80.0 87.1 92.5 97.0 100.8 104.2 107.2 
80 75.2 87.1 95.0 100.9 105.8 109.9 113.6 116.8 
120 79.1 91.6 99.8 106.1 111.2 115.6 119.5 122.9 
160 82.0 95.0 103.6 110.1 115.3 119.8 123.8 127.4 
200 84.3 97.6 106.4 113.1 118.5 123.2 127.3 131.0 
240 86.2 99.9 108.8 115.7 121.3 126.0 130.2 133.9 
280 87.9 101.8 110.7 117.9 123.6 128.5 132.8 136.6 
320 89.4 103.5 112.8 119.9 125.7 130.6 135.0 138.9 
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(Table 5). First, with the exception of the square root 
function, higher yields are predicted by these functions for 
the 40 pound rates of nitrogen and PgOg. Second, maximum 
yields—that is, of those listed in Tables 5 and 14—are lower 
for these functions. Hence, the rate of yield increase is 
slower for the functions fitted to data omitting the zero 
observations• Also, while the functions formerly predicted 
the yield response to PgOg to be relatively larger than the 
response to nitrogen, the reverse is true of these functions. 
Figs. 21, 22, and 23 show corn yield responses to nitro­
gen predicted by the four functions. For these curves, PgOg 
is held constant at 40, 160, and 320 pounds per acre; hence, 
the curves represent a slice through the production surfaces, 
Figs. 17 to 20, parallel to the nitrogen axis. In a like 
manner, Figs. 24, 25, and 26 depict yield responses predicted 
by the functions when PgOs is varied and nitrogen is constant 
at 40, 160, and 320 pounds. These represent slices through 
the production surfaces parallel to the PgOs axis. The 
curves in Figs. 21 to 26 illustrate clearly the types of 
yield response discussed above. 
Marginal Physical Products 
Equations (41), (42), (43), and (44) predict the mar­
ginal physical products of nitrogen for the square root 
function (37), quadratic function (38), "3/211 function (39), 
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and Cobb-Douglas function (40), respectively. All terms in 
these equations are as previously defined. Because of inter­
actions between the nutrients, equations (41) to (43) include 
terms representing P2O5. Marginal physical products pre­
dicted by these equations are presented in Table 15. 
« 
(41) = -0.7077 + 7.7754N™1'2 + 0.1971P1/2r"1/2 
A • 
(42) —^ = 0.5093 - 0.0026N + 0.0004P 
A 
(43) ^ = 0.9279 - 0.0674N + 0.0005P 
A* 
(44) = 0.2119N"1 (Y) 
Marginal curves for the functions have the same general 
characteristics exhibited previously. However, because the 
zero observations have been omitted, the marginal equations 
of the square root and Cobb-Douglas functions are no longer 
discontinuous at or asymptotic to the yield axis. The origin, 
originally at zero nutrient rates, now occurs at 40 pound 
rates. 
Of the four functions, predictions of the quadratic and 
"3/2" functions are most comparable. The "3/2" function pre­
dicts slightly higher marginal products for nitrogen inputs 
of 40, 80, 280, and 320 pounds, similar marginal products 
for 120 and 240 pounds, and lower marginal products for 160 
and 200 pounds. Again, predictions of the square root func­
tion are, for increasing nutrient rates, larger, smaller, and 
Table 15. Marginal physical products of nitrogen measured in bushels of corn per 
acre predicted by four types of production functions (fitted to 
selected yield observations) for specified PgOg applications, Ida silt 
loam, 1952 
Pounds 
of Pg05 Pounds of nitrogen per acre 
per acre 40 80 120 160 200 240 280 320 
A. Marginal physical products for square root function (37) 
predicted by equation (41) 
40 0.72 0.30 0.12 0.01 -0.07 -0.13 -0.17 -0.20 
80 0.80 0.36 0.16 0.05 —0.03 —0.09 -0.14 -0.17 
120 0.86 0.40 0.19 0.08 -0.01 rO .07 -0.11 -0.16 
160 0.91 0.44 0.23 0.10 0.02 -0.05 —0.09 —0.13 
200 0.96 0.47 0.26 0.13 0.04 -0.03 -0.08 -0.12 
240 1.00 0.50 0.28 0.15 0.06 -0.01 -0.06 -0.10 
280 1.04 0.53 0.30 0.17 0.08 0.01 -0.05 —0.09 
320 1.08 0.56 0.32 0.19 0.09 0.02 -0.03 -0.08 
B. Marginal physical products for quadratic function (38) 
predicted by equation (42) 
40 0.42 0.32 0.22 0.12 0.01 -0.09 -0.19 -0.29 
80 0.44 0.34 0.24 0.13 0.03 -0.07 -0.17 -0.28 
120 0.46 0.35 0.25 0.15 0.05 -0.05 -0.16 -0.26 
160 0.48 0.37 0.27 0.17 0.07 -0.04 —0.14 -0.24 
200 0.49 0.39 0.29 0.19 0.08 -0.02 -0.12 -0.22 
240 0.61 0.41 0.31 0.20 0.10 -0.00 -0.10 —0 «21 
280 0.63 0.43 0.32 0.22 0.12 0.02 -0.09 -0.19 
320 0.65 0.44 0.34 0.24 0.14 0.03 -0.07 -0.17 
Table 15. (Continued) 
Pounds 
of PgOg Pounds of nitrogen per acre 
per acre 40 80 120 160 200 240 280 320 
C. Marginal physical products for "3/2" function (39) 
predicted by equation (43) 
40 0.52 0.34 0.21 0.09 -0.01 -o.oi -0.18 -0,26 
80 0.54 0.26 0.23 0.11 0.01 —0.08 -0.16 -0.24 
120 0.56 0.38 0.24 0.13 0.03 -0.06 -0.14 —0.22 
160 0.57 0.40 0.26 0.15 0.05 -0.04 -0.13 —0.21 
200 0.59 0.42 0.28 0.17 0.07 -0.03 -0.11 -0.19 
240 0.61 0.43 0.30 0.18 0.08 -0.01 —0.09 -0.17 
280 0.63 0.45 0.32 0.20 0.10 0.01 -0.07 -0.15 
320 0.65 0.47 0.33 0.22 0.12 0.03 —0.0 5 —0.13 
D. Marginal physical products for Cobb-Douglas function (40) 
predicted by equation (44) 
40 0.37 0.21 0.15 0.12 0.10 0.09 0.08 0.07 
80 0.40 0.23 0.17 0.13 0.11 0.10 0.09 0.08 
120 0.42 0.24 0.18 0.14 0.12 0.10 0.09 0.08 
160 0.43 0.25 0.18 0.15 0.12 0.11 0.09 0.08 
200 0.45 0.26 0.19 0.15 0.13 0.11 0.10 0.09 
240 0.46 0.26 0.19 0.15 0.13 0.11 0.10 0.09 
280 0.47 0.27 0.20 0.16 0.13 0.11 0.10 0.09 
320 0.47 0.27 0.20 0.16 0.13 0.12 0.10 0.09 
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again larger than those of the other polynomials. And, pre­
dictions of the Cobb-Douglas function are smallest of all 
functions for low input levels but the highest for high in­
put levels. However, differences among these functions are 
much smaller than functions (15) to (16). 
When compared to those fitted to all observations, func­
tions (3?) to (40) do not exhibit, as a group, any consistent 
trends (Table 6). The predictions of square root function 
(37) are at first larger, 0.72 compared to 0.36 for 40 pounds 
of each nutrient, but decrease more rapidly than predictions 
of square root function (13). On the other hand, the quad­
ratic function predicts smaller marginal yields which de­
crease less rapidly than its counterpart. Predictions of the 
"3/2" and quadratic functions are almost identical to predic­
tions of those functions fitted to all observations for 40 
pound rates of PgOg. As PgOg levels increase, differences in 
the predictions are caused by the change in the interaction 
coefficients. 
Equations (45), (46), (47), and (48) are the marginal 
physical product equations of PgOg for square root function 
(37), quadratic function (38), "3/2" function (39), and Cobb-
Douglas function (40), respectively, where the terms are as 
defined previously. Marginal products predicted by these 
equations are presented in Table 16. 
Table 16. Marginal physical products of Pg05 measured in bushels of corn per 
acre predicted by four types of production functions (fitted to 
selected yield observations) for specified nitrogen applications, 
Ida silt loam, 1952 
Pounds of . 
nitrogen Pounds of PgOs per acre 
per acre 40 80 120 160 200 240 280 320 
A. Marginal physical products for square root function (37) 
predicted by equation (46) 
40 0.30 0.11 -0.02 -0.03 -0.06 -0.09 -0.11 -0.12 
80 0.38 0.16 0.07 0.01 -0.03 -0.06 -0.08 -0.09 
120 0,44 0.21 0.11 0.04 0.00 -0.03 -0.06 -0.07 
160 0.49 0.26 0.14 0.07 0.03 -0.01 —0.03 -0.06 
200 0.54 0.28 0.16 0.09 0.05 0.01 -0.02 -0.04 
240 0.68 0.31 0.19 0.11 0.07 0.03 0.00 —0.02 
280 0.62 0.34 0.21 0.13 0.08 0.04 0.01 -0.01 
320 0.66 .. 0.36 0.23 0.15 0.10 0.06 0.03 0.00 
B. Marginal physical products for quadratic function (38) 
predicted by equation (46) 
40 0.24 0.18 0.12 0.06 0.00 -0.06 -0.12 -0.18 
80 0 • 25 0.19 0.13 0.07 0.02 -0.04 —0 • 10 -0.16 
120 0.87 0.21 0.15 0.09 0.03 -0.03 -0.09 -0.16 
160 0.29 0.23 0.17 0.11 0.06 -0.01 -0.07 -0.13 
200 0.31 0.25 0.19 0.13 0.07 0.01 -0.05 -0.11 
240 0.32 0,26 0.20 0.14 0.08 0.02 -0.03 -0.09 
280 0.34 0.28 0.22 0.16 0.10 0.04 -0.02 —0 «08 
320 0.36 0.30 0.24 0.18 0.12 0.06 0.00 -0.06 
Table 16. (Continued) 
Pounds of _ _ 
nitrogen Pounds of PgO& per acre 
per acre 40 80 120 160 200 240 280 320 
0• Marginal physical products for "3/2" function (39) 
predicted by equation (47) 
40 0.28 0.18 0.11 0.04 -0.02 -0.07 -0.11 —0.16 
80 0.30 0.20 0.13 0.06 0.00 —0.05 -0.10 —0 • 14 
120 0.32 0.22 0.14 0.08 0.02 -0.03 -0.08 -0.12 
160 0.34 0.24 0.16 0.10 0.04 -0.01 -0.06 -0.10 
200 0.36 0.26 0.18 0.11 0.06 0.01 —0»04 -0.09 
240 0.38 0.2? 0.20 0.13 0.08 0.02 -0.02 -0.07 
280 0.39 0.29 0.22 0.15 0.09 0.04 -0.01 —0 «06 
320 0.41 0.31 0.23 0.17 0.11 0.06 0.01 -0.03 
D. Marginal physical products for Cobb-Douglas function (40) 
predicted by equation (48) 
40 0.21 0.12 0.08 0.06 0.05 0.04 0.04 0.03 
80 0.25 0.13 0.10 0.07 0.06 0-05 0.05 0.04 
120 0.27 0.14 0.10 0.08 0.07 0.06 0.05 0.04 
160 0.29 0.16 0.11 0.09 0.07 0.06 0.05 0.05 
200 0.30 0.16 0.12 0.09 0.07 0.06 0.06 0.05 
240 0.31 0.17 0.12 0.09 0.08 0.07 0.06 0.05 
280 0.32 0.18 0.12 0.10 0.08 0.07 0.06 0.05 
320 0«33 0.18 0.13 0.10 0.18 0.07 0.06 0.05 
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(45) -|S = -0.5536 + 2.8660P~1//2 + 0.1971P-1/2 N1^2 
(46) = 0-2788 - 0.0015P + 0.0004N 
(47) -|5 = 0-5088 - 0.0385P^2 + 0-0004N 
(48) = 0.1246P-1 (Y) 
When compared to each other, predictions of the marginal 
products of PgOg included in Table 16 show the same relation­
ships described above. However, comparison with the marginal 
products of nitrogen in Table 15 shows the latter to be, in 
general, the larger of the two. The reverse was true before 
the observations were omitted. Deletion of the observations 
has changed the pattern of yield response to the nutrients. 
Before the deletion, response to PgOg was predicted to be 
the largest, but response to nitrogen was predicted to be 
the largest after the deletion. 
By solving marginal equations (41) to (48), as described 
above, for input rates at which marginal products are zero, 
the quantities in Table 17 were derived. Because of inter­
actions between the nutrients, input rates at which marginal 
products of one nutrient is zero will depend upon the amount 
of the second nutrient present. For this reason, Table 17 
includes predictions of the amounts of variable nutrient re­
quired to force marginal products to zero for several levels 
of the fixed nutrient. 
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Table 17. Application rates at which marginal physical 
products of nitrogen and PgOm are zero predicted 
by three types of functions (fitted to selected 
yield observations), Ida silt loam, 1952 
A. Application rates at which marginal physical products 
of nitrogen are zero given specified amounts of PgOg 
Pounds of Pounds of nitrogen per acre 
P2O5 Square root Quadratic "3/2" 
per acre function (37) function (38) function (39) 
40 163 205 197 
80 182 212 205 
120 197 219 213 
160 211 225 220 
200 228 232 228 
240 234 239 237 
280 245 246 245 
320 255 253 253 
B. Application rates at which marginal physical products 
of PgOs are zero given specified amounts of nitrogen 
Pounds of Pounds of P2O5 per acre 
nitrogen Square root Quadratic "3/2" 
per acre function (37) function (38) function (39) 
40 135 198 189 
80 171 210 203 
120 202 222 216 
160 230 233 230 
200 256 245 245 
240 280 257 260 
280 304 268 275 
320 327 280 231 
The quantities in Table 17 define the ridge lines for 
the functions. These ridge lines have the same general rela­
tionship to each other as before with one important exception: 
as the level of the fixed input increases, the predictions 
Ill 
for the three functions become more similar. For example, 
when P2O5 is fixed at 240 pounds, amounts of nitrogen at 
which the marginal product of nitrogen are zero are 234, 239, 
and 237 pounds for the square root, quadratic, and "3/2" 
functions. Before the observations were omitted, rates of 
nitrogen for the three functions were 339, 246, and 247, in 
the same order (Table 8). Therefore, as they appear on the 
isocline maps, ridge lines for nitrogen have been shifted 
slightly to the left—closer to the origin—for the quadratic 
and "5/2" functions while this shift has been quite large 
for the square root function. Changes in interaction coeffi­
cients have caused slopes of the ridge lines to change. 
For the quadratic and '*3/2" functions, nitrogen rates 
in Table 17 are higher than those in Table 8 for low rates 
of PgOg applications while the reverse is true for high 
rates of P2O5 applications. Omitting the observations de­
creased the interaction terms and thus increased the slope 
of the ridge lines for nitrogen. For the square root func­
tion, nitrogen rates in Table 17 are lower than those in 
Table 8 for all PgOg levels. Again, the slope of ridge 
line has been generally increased but the amount of curva­
ture is less even though the interaction term increased in 
size. 
For the polynomials, input rates at which the marginal 
products of P2O5 are zero have been increased by dropping 
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the observations. Hence, ridge lines for P9O5 have been 
shifted up or away from the origin of the isocline map. 
Also, these rates become similar for the functions as nitro­
gen rates increase to 200 pounds but diverge at higher nitro­
gen rates. Slopes of PgOs ridge lines have been affected by 
changes in interaction coefficients in the manner just de­
scribed with the ridge lines for the square root function 
exhibiting less curvature. 
By equating the marginal product equations of functions 
(5?) to (40) to zero and solving, the following input levels 
were obtained: 246 and 284 pounds of nitrogen and PgOg, re­
spectively, for the square root function; 242 and 257 pounds 
of nitrogen and PgO$, respectively, for the quadratic func­
tion; and 238 and 259 pounds of nitrogen and PgOg, respective­
ly for the "3/2" function. Yields at these input levels, the 
maximum predicted by the functions, are 132.7, 135.8, and 
134.5 bushels of corn per acre for the square root, quad­
ratic, and "3/2" functions, respectively. Nitrogen inputs 
range 8 pounds and P2O5 inputs range 25 pounds; before the 
deletions, the former ranged 154 pounds and the latter 102 
pounds. Predicted maximum yields now vary only 3 bushels 
whereas formerly this variation was 9 bushels. While nutri­
ent inputs for the square root function decreased by about 
100 pounds the predicted maximum yield decreased only 3 
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bushels. Nutrient inputs are approximately the same magni­
tudes for the other two functions but PgOg inputs are now 
relatively larger than nitrogen inputs (this is also true 
for the square root function). The functions still overesti­
mate nutrient inputs but underestimate resulting yields when 
compared to the highest yielding plot of the experiment. On 
this plot, 141.3 bushels of corn resulted from 200 pounds of 
each nutrient. Again, the Cobb-Douglas function has been 
omitted from the discussion immediately above because it does 
not predict zero or negative marginal products. 
In summary, dropping the observations has changed the 
response pattern. Predicted responses to nitrogen has been 
increased relative to P2O5 responses. Marginal products of 
all functions have been, in general, lowered. The deletion 
affected the square root function more than the other poly­
nomials. Most significant was the change in input rates at 
which marginal products of this function were forced to zero. 
Ridge lines became less curved or sweeping and converged at 
nutrient input rates similar to the other functions. There­
fore, diminishing returns of yields predicted by this func­
tion became more similar to those of other functions and input 
levels at which maximum yields occur became almost identical 
for the three functions. Hence, while the pattern of yield 
response differs between the two sets of production func­
tions, omitting the observations has made predictions of the 
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polynomial functions as a group more similar. Effects this 
may have on economic optima will be explored below. 
Yield Isoquants and Marginal Rates of Substitution 
Isoquant equations (49), (50), (51), and (52) were de­
rived from the square root function (37), quadratic function 
(38), "3/2" function (39), and Cobb-Douglas function (40). 
In these equations, P2O5 is expressed as a function of nitro­
gen and yield where these terms are defined as above. 
(49) P = [8.1062 + 0.5574N1/2 ± 1.4142(26.5107^/2 -
Isoquants predicted by equations (49), (50), (51), and 
(52) are depicted in Figs. 27, 28, 29, and 30. Isoquants 
for each function have the same characteristics described 
for the isoquants derived above. For the 90 and 110 bushel 
yield levels, the square root function requires the smallest 
input combinations while the quadratic function requires the 
largest combination of the polynomials. This situation is 
reversed for the 130 bushel yield level. The Cobb-Douglas 
(50) P = 186.8492 + 0.2909N + 670.2413(0.ly20 + 
0.0018N - 0.000004K2 - 0.0030Y)^2 
(51) 0.0255P3/2 - (0.5088 + 0.0005N)P - (25.2709 + 
0.9279N - 0.0449N3/2 - Y) = 0 
(50) ioe p = log Y - 0-2119 log N - 1.2997 
' * 0.1246 
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function requires larger input combinations for all yield 
levels than do any of the polynomials. 
Combinations of inputs which produce given yields are 
presented in Table 18 along with marginal rates of substitu­
tion of the inputs for each of these combinations. The quan­
tities in Table 18 are the numerical counterpart of Figs. 
2? to 30. The input combinations locate the position of the 
isoquants in the input plane; the marginal rates of substitu­
tion are the slopes of the isoquants. The latter quantities 
were predicted by equations (53), (54), (55), and (56) for 
the square root function, the "3/2" function, and the Cobb-
Douglas function, respectively. 
(53) 3 Y/N = -0.7077 + (7.7754 + Q.197lP^2)N"^2 
à Y/P -0.3536 + (2.8660 + 0.1971N1'/2)p~lZ2 
à Y/N _ 0.5093 - 0.0026N + 0.0004? 
v ' àf/-p ~ 0.2788 - 0.0015P + 0.0004N 
(55) d Y/N = 0.9279 - 0.0674N1/2 + Q.0005P 
d Y/P 0.5088 - 0.0383P1/2 + 0.QQ05N 
(56) d %/f = 1.7004P N-"1 
a Y/P 
By comparing the data in Table 18 to those in Table 9, 
it can be seen that predictions of the polynomials are more 
comparable in Table 18, after the observations were omitted. 
In Table 18, predictions of the quadratic and "3/211 function 
almost identical, differing most at the 110 bushel yield 
level. All three functions are most comparable at the 130 
Table 18. Combinations of nitrogen and PgOs required to produce specified corn 
yields and corresponding marginal rates of substitution predicted by 
four types of production functions (fitted to selected yield observa­
tions), Ida silt loam, 1952 
Pounds 
of 
nitro­
gen 
per 
acre 
Square root 
function (37) 
Pounds 
of 
Quadratic 
function (58) 
Pounds 
of 
"3/2" 
function (39) 
Pounds 
of 
Cobb-Douglas 
function (40) 
Pounds 
of 
per 8aore per2aSre MRS^-g) perfore perdre 
A 
Y 90 
60 76 -3.33 119 -6.45 113 -3.21 170 -4.81 
80 42 —0 • 84 74 -1.66 68 -1.65 104 -2.21 
100 31 -0.36 47 -1.09 44 -0.98 71 -1.21 
120 26 -0.10 29 -0.76 29 -0.63 62 -0.74 
A 
Y = 110 
100 112 -2.69 176 -5.49 158 -4.50 367 -6.06 
120 . 82 -0.83 121 -1.68 110 —1.48 261 -3.70 
140 71 -0.54 95 -0.97 88 -0.80 201 -2.44 
160 67 -0.11 80 -0.58 76 —0.44 160 -1.70 
A 
Y = 130 
180 — —  201 -2.33 207 -2.72 602 -4.74 
200 199 -0.82 175 -0.69 181 -0.66 419 -3.66 
220 192 —0.01 167 —0»14 173 -0.21 367 -2.76 
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bushel yield level; before the observations were omitted, 
the square root function could not predict this yield with 
the nitrogen levels in the table (180, 200, and 220 pounds). 
Even so, differences between the functions are, although 
smaller than in Table 9, still quite large. Also, predic­
tions of the Cobb-Douglas function have been increased due 
to the reduction in its elasticity. Hence, while differ­
ences among the functions have been reduced, they still 
appear to have significant magnitudes. 
The change in the response pattern to the nutrients can 
be seen clearly by comparing data in Tables 9 and 18. Re­
sponse to nitrogen has increased relative to response to PgOg. 
For .example, when yield is 90 bushels and 60 pounds of nitro­
gen are applied, 76 and 75 pounds of Pg0$ are required by 
the square root function in Tables 9 and 18, respectively. 
The marginal rates of substitution in these situations are 
-2.73 and -3.33, respectively. Thus, one pound of nitrogen 
formerly replaced 2.73 pounds of PgOg but will now replace 
3.33 pounds of that nutrient. This is further illustrated, 
for the same yield and function, by increasing nitrogen to 
120 pounds, 26 pounds of PgOg, are needed to produce the yield 
in Table 18 while 46 pounds were required before. This same 
phenomena is also true for the other functions. Hence, 
marginal rates of substitution and input combinations differ 
considerably between the two sets of data. At the 130 bushel 
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yield level, the quadratic, «3/2M, and Cobb-Douglas function 
now require more PgOg for a given amount of nitrogen because 
response to the nutrients has been decreased by omitting the 
observations. 
Yield Isoclines 
Yield isocline equations (57), (58), (59), and (60) are 
for the square root function (37), quadratic function (38), 
"3/2" function (39), and Cobb-Douglas function (40), respec­
tively . In these equations, & represents Pn/Pp, the 
nitrogen-PgOs ratio. These isoclines are included in Figs. 
27, 28, 29, and 30. 
[-19.7286 + (-0.8971 d + 1.7956)N1/2 + 
2.5373(60.4569 + [-11.0048 + 7.7572 N1/2 + 
[(-0.7077 + 0.3536<3 )2 + 0.1553d] N)1/^]2 
0.27882 - 0.5093 + (0.0004? + Q.0026)N 
(0.0004 + 0.0015,? ) 
[-42.4379 £ + 1108.6475(0.0015d 2 + 0.00095 + 
0 . 0 0 0 0 0 0 8 N à  +  0 . 0 0 0 1 N 1 / 2  -  0 . 0 0 1 7 ) 2  
0.5881^ N 
The origin of the isocline map no longer occurs st zero 
input rates but rather at nutrient rates of 40 pounds. 
Therefore, isoclines of the Cobb-Douglas and square root 
functions no longer pass through the origin as they did for 
production functions (13) acd (16). 
(57) P = 
(58) P = 
(59) P = 
(60) P = 
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Isoclines predicted by equations (57) to (60) are more 
comparable to each other than those obtained before the ob­
servations were omitted. This is mostly due to the change 
in the square root function. Whereas, previously isoclines 
and ridgelines of this function tended to diverge as input 
combinations increased, they now converge at a maximum yield 
similar to those of other functions. This has narrowed the 
ridge lines and limited the divergence of the isoclines. 
Isoclines for the "3/2" function have also been changed; 
these isoclines, which curve mostly between 0 and 40 pound 
nutrient rates, now appear to be linear. Isoclines of the 
quadratic and Cobb-Douglas functions are linear and have not 
been changed in shape. Isoclines of all function have 
shifted due to the change in the response pattern. 
Economic Optima 
Cost minimizing combinations 
Combinations of nitrogen and PgOs which minimize the cost 
of producing 90 and 130 bushels of corn for price ratios 
(Pn/Pp) of 5/1, 2/1» 13/9, 1/2, and 1/5 are presented in 
Table 19. Again, while price ratios were selected to cover 
a wide range, the ratio (13/9) represents present prices of 
the nutrients in single element fertilizers. 
Amounts of nitrogen predicted by the polynomial func­
tions are very similar for all yield and price situations. 
Table 19. Cost minimizing combinations of nitrogen and PpC>5 for corn yields of 
90 and 130 bushels per acre predicted by four types of production 
functions (fitted to selected yield observations), Ida silt loam, 195g 
Price Square root Quadratic "3/2" Cobb-Douglas 
ratio function (37) function (38) function (39) function (40) 
.Pn. Pounds of Pounds Pounds of Pounds Pounds of Pounds Pounds of Pounds 
(p™v nitrogen of PgOs nitrogen of PgOg nitrogen of PgOg nitrogen of PgOg 
P per acre per acre per acre per acre per acre per acre per acre per acre 
A 
Y 
o
 
a
 it 
5 57 88 54 146 55 130 19 173 
2 65 60 74 87 71 80 83 98 
13/9 70 53 87 64 81 63 94 79 
1/2 —a — •* —— — mm 138 40 
1/5 - - — — —- — — — — — — — 
A 
Y = 130 
5 186 228 177 218 178 207 
2 190 211 184 196 184 200 248 291 
13/9 196 207 188 188 190 193 279 237 
1 / 2  207 195 207 173 206. 178 —— — —  
1 / 6  215 193 218 168 217 175 
alnput combinations are beyond limits of isoquant and isocline map. 
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For instance, for a yield of 130 bushels and a price ratio of 
1/2, 207, 207, and 206 pounds of nitrogen are recommended by 
the square root function (37), the quadratic function (38), 
and the "3/2* function (39), respectively. Recommendations 
for Pg°5 8re somewhat more variable ; the amounts of that 
nutrient for the situations just mentioned are 195, 173, and 
178 pounds per acre, respectively. Combinations predicted by 
the three functions are most similar for the 130 bushel yield 
level, indicating that predictions of these functions become 
more comparable as yields increase. In all situations, 
recommendations of the "3/2*' function are more like those of 
the quadratic than those of the square root function. The 
Cobb-Douglas function is again different from the polynomials. 
When comparing quantities in Table 19 to those obtained 
before the yield observations were omitted (Table 10), it is 
seen that the two exhibit large differences. For the 90 
bushel yield level and comparable price ratios, combinations 
included in Table 19 are, for all functions, smaller than 
those in Table 10. Amounts of nitrogen were increased 
slightly due to the shift in the response pattern caused by 
omitting the yield observations, while amounts of PgOg were 
decreased by large amounts for the same reason. When yield 
is 130 bushels, the square root function predicts lower while 
the quadratic and "3/2" functions predict higher quantities 
in Table 19 than in Table 10. Hence, deleting the observa­
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tions has tended to make predictions of functions more alike 
at this yield level by decreasing some while increasing 
others. Cobb-Douglas function predictions at this yield 
level are not directly comparable in the two tables. 
It has been noted that (1) the nutrient combinations 
vary in size, and (2) the relative amounts of the nutrients 
in the combinations vary between.Tables 10 and 19. Also 
important is the variation in costs associated with these 
changes. For example, for the price ratio 13/9, the minimum 
costs at which 90 bushels can be produced are, before the 
observations were omitted, $14.65, §20.85, $19.03, and $23.57 
for the square root function, the quadratic function, the 
"3/2" function, and the Cobb-Douglas function, respectively; 
after omitting the observations, the costs of nutrient com­
binations predicted by the functions are #13.87, $17.07, 
$15.61, and $19.33, respectively. Thus, costs are reduced 
in the latter situation even though the use of nitrogen, 
the expensive nutrient, has increased relative to the use of 
PgOg, the cheaper nutrient. For 130 bushels of corn, costs 
for the three polynomial functions, listed in the same order 
as above, are $51.68, $36.95, and $36.85, before, and $43.98, 
$41.36, and $41.54, after the observations were omitted. 
Here, costs for the square root function are reduced while 
costs for the other functions are increased. 
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Profit maximizing combinations— 
unlimited capital 
Combinations of nitrogen and PgOg which maximize profits 
per acre are presented in Table 20 for various corn and nutri­
ent prices• These combinations were derived from functions 
(57) to (40) in the manner explained above. Again, prices 
were selected to approximate existing conditions. 
Predictions of the quadratic function and the "3/2" func­
tion are closely comparable for all price situations, those 
of the quadratic being slightly higher in all cases. Nutri­
ent combinations and yields predicted by the square root 
function are, in all situations, smaller than those of the 
other polynomials. Predicted profits are almost identical 
for all three polynomial functions except in situation 1 where 
the quadratic function predicts $5.69 more than the square 
root function. This difference is small, however. 
Discrepancies among predictions of these functions in­
crease as nutrient prices rise relative to corn prices but 
this increase is small. Hence, the functions are about 
equally sensitive to price changes. Quadratic function 
recommendations could be approximated by adding 25 and 30 
pounds of nitrogen and PgOg, respectively, to the recommenda­
tions of the square root function, or by adding 10 pounds 
each to nitrogen and P2O5 recommendations of the "3/2" func­
tion. This is quite different from predictions derived 
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Table 20. Corn yields, profits, and optimum combinations of nitrogen and P2O5 predict 
Ida silt loam, 1952 
Price Cost of Square root f unction (37) Quadratic funetic 
of nutrients Pounds Pounds Pounds Pounds 
Situa­ corn per pound of of Predicted Profit of of Prec 
tion per Nitro­ nitrogen P2O5 yield per nitrogen P2O5 yie 
number bushel gen 1% per acre per acre per acre acre3. per acre per acre per 
1 $1.60 $0.00 10.09 191 186 127.6 $172.63 215 212 133 
2 1.30 0.08 0.09 181 170 127.4 135.83 209 201 132 
3 1.00 0.08 0.09 167 149 124.7 97.96 198 184 13C 
4 1.60 0.13 0.09 172 171 126.8 165.15 202 208 132 
5 1.30 0.13 0.09 162 162 125.0 126.92 193 196 131 
6 1.00 0.13 0.09 146 140 121.7 90.17 178 178 123 
7 1.60 0.15 0.11 165 163 125.7 158.39 195 197 131 
8 1.30 0.15 0.11 152 146 123.1 121.05 185 184 129 
9 1.00 0.15 0.11 135 124 118.6 84.73 167 162 125 
10 1.60 0.17 0.13 157 150 123.9 151.05 189 187 130 
11 1.30 0.17 0.13 146 133 121.1 112.64 176 171 127 
12 1.00 0.17 0.13 126 110 115.5 77.59 157 145 121 
^Computed by multiplying increase in yield from use of fertilizer by price of cor 
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before the observations were dropped (Table 11). Here, nitro­
gen predictions of these functions varied by as little as 11 
pounds and as much as 70 pounds, and P2O5 predictions ranged 
from 13 to 88 pounds per acre. Thus, while differences among 
the functions still exist, these differences are now more con­
sistent than before. Because the marginal product of nitrogen 
has increased relative to that of P2O5, more nitrogen is 
recommended in relation to PgOs in Table 20 than in Table 11. 
Nutrient combinations predicted by the square root func­
tion in Table 20 are smaller for low price ratios but increase 
as price ratios increase until they are about of equal magni­
tude as predictions of that function in Table 11. For example, 
nitrogen and P2O5 recommendations of this function in situation 
1 are 240 and 212 pounds per acre, respectively, in Table 11 
but 191 and 186 pounds, respectively, in Table 20. In situa­
tion 12, however, this function predicts 108 and 121 pounds of 
nitrogen and P2O5, respectively, for Table 11 but 126 and 110 
pounds, respectively, in Table 20. Contrariwise, predictions 
of the quadratic and "3/2" function derived after the observa­
tions were dropped (Table 20) are consistently below those de­
rived for all observations (Table 11). For these functions, 
however, differences between recommendations in the two tables 
become larger as nutrient prices rise. For example, the quad­
ratic function recommends for situation 1, 225 and 220 pounds 
of nitrogen and P2O5, respectively, in Table 11 but 215 and 
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212 pounds of these same nutrients in Table 20. For situation 
12, the former recommendation is 180 and 189 pounds of nitrogen 
and P2O5 while the latter is 157 and 145 pounds, respectively. 
As just noted, the reverse is true for the square root func­
tions. 
Yields and profits predicted by the square root function 
in Table 11 are higher for situations 1 to 3 but lower for 
other situations than predictions of this function in Table 
20. (This does not correspond to the differences in inputs 
described above.) For example, yields for situations 1, 2, 
and 3 are 129.3, 126.6, and 122.5 bushels per acre, respec­
tively, in Table 11 and 127.6, 127.4, and 124.7 bushels for 
similar situations in Table 20. In situations 10, 11, and 12, 
yields in Table 11 are 120.3, 115.6, and 108.4 bushels, re­
spectively, compared to 123.9, 121.1, and 115.5 bushels for 
these situations in Table 20. Differences between any of 
these situations are small. Again, differences in yields for 
the quadratic functions and the "3/2" function between the 
tables tend, as do differences in nutrients, to be consistent. 
Hence, predictions of the quadratic function in Table 20 are 
about 10 bushels lower, in all situations, than in Table 11; 
for the "3/2" function, yields in Table 20 are about 7 bushels 
less. Profits in these situations, of course, vary directly 
with yield predictions. 
Predictions of the Cobb-Douglas function have been 
reduced relative to those of the other functions by dropping 
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the observations. However, nutrient predictions for situa­
tions 1, 2, 3, and 4 in Table 20 are still beyond the limits 
of observation for the experiment. Resulting yields for 
these situations are higher but profits are lower than those 
predicted by polynomial functions. This is because the 
elasticity of the Cobb-Douglas function has been reduced 
considerably by omitting the observations. In general, 
however, predictions of this function are more comparable to 
those of the other functions now than before the observations 
were deleted. 
In summary, differences in recommended optimum nutrient 
inputs of the functions have not been eliminated by omitting 
the observations. These differences have been made more con­
sistent, however. Further, yield and profit predictions of 
the polynomials are closely comparable after the deletions. 
The functions were affected differently by the deletions and 
the square root function displayed the most significant 
changes. 
Profit maximizing combinations— 
limited capital 
Quantities derived for limited capital situations, as 
described above, are presented in Table 21. Corn and nutri­
ent prices in Table 21 are the same as those used before. 
The capital limitation has been changed, however. Where the 
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Table 21. Corn yields, profits, marginal value products, 
and nitrogen and PgOg combinations predicted by 
four types of production functions (fitted to 
selected yield observations) for limited capital 
situations when nitrogen and P2O5 cost #0.13 and 
$0.09 per pound, respectively, Ida silt loam, 1952 
Dollars 
avail­ Price 
able Bushels of 
to buy Pounds of corn corn Profit 
Type of fertil­ per acre per per per 
function izer N P2O5 acre bushel acrea MVPn MVPp 
$11 58 40 81.0 $1.60 $118.49 $0.76 $0.54 
1.30 94.19 0.62 0.44 
1.00 69.88 0.48 0.34 
20 97 81 104.9 1.60 147.87 0.42 0.20 
1.30 116.40 0.34 0.23 
Square 1.00 84.92 0.26 0.18 
root 
function 30 139 132 120.1 1.60 162.10 0.23 0.16 
(37) 1.30 126.08 0.19 0.13 
1.00 90.06 0.14 0.10 
40 179 186 128.3 1.60 165.20 0.12 0.08 
1.30 126.73 0.10 0.06 
1.00 88.25 0.07 0.05 
12 68 40 78.2 1.60 112.60 0.56 0.40 
1.30 89.16 0.46 0.32 
1.00 65.71 0.35 0.25 
20 98 80 97.0 1.60 135.15 0.47 0.32 
1.30 106.06 0.38 0.26 
Quadratic 1.00 76.97 0.29 0.20 
function 
0.23 (38) 30 140 131 116.2 1.60 155.87 0.33 
1.30 121.02 0.27 0.19 
' 1.00 86.17 0.21 0.14 
40 181 182 128.9 1.60 166.21 0.20 0.14 
1.30 127.54 0.16 0.11 
1.00 88.88 0.12 0.09 
C^omputed by multiplying increase in yield from use of 
fertilizer by price of corn and subtracting cost of fertil­
izer. 
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Table 21. (Continued) 
Dollars 
avail- Price 
able Bushels of 
to buy Pounds of corn corn Profit 
Type of fertil- per acre per per per 
function izer N PgOg acre bushel acre MVPn MVPp 
"3/2" 
function 
(39) 
Cobb-
Douglas 
function 
(40) 
111 58 40 74.2 #1.60 #107.56 #0.69 #0.47 
1.30 
1.00 
85.31 
63.05 
0.56 
0.43 
0.38 
0.29 
20 97 81 98 .5 1.60 
1.30 
1.00 
137.63 
108.08 
78.52 
0.48 
0.39 
0.30 
0.33 
0.27 
0.21 
30 139 132 117 .4 1.60 
1.30 
1.00 
157.81 
122-50 
87.38 
0.31 
0.25 
0.19 
0.21 
0.17 
0.13 
40 181 183 128 .8 1.60 
1.30 
1.00 
166.00 
127.38 
88.75 
0.17 
0.14 
0.10 
0-12 
0.09 
0.07 
10 48 40 71 .7 1.60 
1.30 
1.00 
80.24 
63.35 
46.14 
0.51 
0.41 
0.32 
0.36 
0.29 
0.22 
20 97 82 91 .0 1.60 
1.30 
1.00 
100.99 
78.31 
55.62 
0.32 
0.26 
0.20 
0.22 
0.18 
0.14 
30 145 123 104 .3 1.60 
1.30 
1.00 
112.26 
85.58 
58.91 
0.24 
0.20 
0.15 
0.17 
0.14 
0.11 
40 194 165 114 .9 1.60 
1.30 
1.00 ' 
119.25 
89.39 
59.53 
0.20 
0.16 
0.13 
0.14 
0.11 
0.09 
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capital limitation of #10 was previously used, use of this 
rate in the present situation would necessitate extrapola­
tion below the limits of observation which, in this case, are 
40 pounds. Therefore, the cost of the nutrient combination 
occurring at the point where the isocline intersects the 
nutrient axis is substituted for this rate. This cost is very 
similar to the #10 limitation for all functions. Again, it 
should be pointed out that comparisons in this section are 
for one set of nutrient prices. 
For capital levels of #20, #30., and #40 per acre, nutri­
ent recommendations of the polynomial functions are almost 
identical. Further, they differ only slightly for the mini­
mum nutrient combination. Nutrient predictions of the Cobb-
Douglas function are similar to those of the polynomials for 
the #20 capital level, vary slightly for the minimum and 
#30 levels, and vary to a larger degree at the #40 level. 
Yields predicted by the polynomials fall within a range of 
7, 7, 4, and 0 bushels for the minimum, #20, #30, and #40 
capital levels, respectively. Inclusion of the Cobb-Douglas 
function would increase these ranges to 10, 13, 16, and 14 
bushels, respectively, for the same four capital levels. 
Hence, excluding the Cobb-Douglas function, differences be­
tween the yield predictions are small and decrease even more 
as yields increase. Predicted profits of the polynomials 
vary as do the predicted yields. Therefore, because yields 
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predicted by the Cobb-Douglas function are lower than those 
predicted by the polynomial functions, profits predicted by 
this function are also lower. 
Marginal value products of the quadratic and M3/2" func­
tions are comparable except for the minimum capital level, 
which also requires different inputs. Marginal value products 
of the square root function are larger for the minimum capital 
level, but smaller for other capital levels, than those of 
the other polynomials. The Cobb-Douglas function, because of 
its constant elasticity, predicts marginal value products 
smaller than the polynomials for the minimum, #20 and #30 
capital levels but larger for the #40 level. 
The nutrient combination derived for the square root 
function when #40 of capital are available is larger than the 
profit maximizing combination for that function presented in 
Table 20 for the nutrient price ratio 13/9. (The profit 
resulting from use of this amount of capital appears slightly 
larger than the maximum profit for a corn price of #1.60 due 
to rounding errors.) The profit maximizing combination of 
nutrients for this corn price is 172 and 170 pounds of 
nitrogen and P2O5, respectively, which costs #37.75 and re­
sults in a profit of #165.15. Hence, use of the combination 
of inputs costing #30 would reduce profits only slightly when 
corn is #1.60 a bushel and not at all when corn prices are 
#1*30 or #1.00 a bushel. Further, profits from #20 worth of 
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fertilizer are #17, #13, and $5 less than the optimum for 
corn prices of #1.60, #1.30, and #1.00 per bushel. 
Reductions in inputs from the optimum to the amount 
which can be purchased with #30 does not greatly reduce 
profits predicted by the quadratic and "3/3" functions. A 
further increase of the capital restriction to #20 does 
cause large shifts in profits predicted by these functions, 
however. Decreases in profit caused by reductions in avail­
able capital are more regular for the Cobb-Douglas function. 
Large decreases do not occur until capital is lowered to #20 
but this depends to a large extent on the corn price consid­
ered. 
A comparison of recommendations in Table 21 to those in 
Table 12, derived before the yield observations were dropped, 
show that nutrient combinations and yields predicted by the 
polynomials have been changed somewhat for #10 and #20 capital 
levels but are quite similar for #30 and #40 levels. Pre­
dictions in the two tables are most comparable for the #40 
capital level for which, for example, the square root func­
tion predicts ISO and 184 pounds of nitrogen and PgOs, re­
spectively, before, and 179 and 186 pounds, respectively, 
after the observations are dropped. Predicted yield for the 
former is 123.4 bushels and for the latter is 128.3. Result­
ing profits are higher for the second situation while mar­
ginal value products for this situation are lower. Similar 
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comparisons for the quadratic and "3/2# functions show that 
inputs are again comparable but yields, profits, and marginal 
value products are now higher for the first situation, that 
is, before the observations are dropped. Of all the func­
tions, the Cobb-Douglas function is changed most between 
Tables 12 and 21. 
In summary, nutrient combinations recommended by the 
polynomials are comparable for all except the minimum capital 
level. Yields and profits predicted from these combinations 
are also similar. Further, quantities derived after the ob­
servations were dropped are quite similar to those derived 
before the deletion. Predictions of different functions are 
most alike within either set of functions and also between 
the two sets of functions when recommended treatment combina­
tions are closest to the average nutrient inputs for the 
experiment. This mean is 160 pounds for the first set of 
functions and 192 for the second set. Finally, while the 
above comparison has been made only for one set of nutrient 
prices, this set of prices does typify the average of the 
fertilizer prices and, as shown above in the tables presenting 
maximum profit combinations, changes in nutrient prices are 
of such small magnitudes that they have only small effect on 
recommended nutrient combinations or resulting yields and 
profits. 
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SUMMARY AND IMPLICATIONS 
Experiments designed to estimate continuous response 
functions must include a wide range of variable inputs if 
economic optima are to be derived. As this range increases, 
however, differences among predictions of various mathematical 
forms of production functions also increase. One possible 
cause of this divergence might be the inability of most com­
monly used functions to predict changes in yield returns to 
the variable factors. That is, while both increasing and 
decreasing returns may occur in a set of experimental data, 
these functions are capable of predicting only one or the 
other of these relationships. If both types of returns are 
present, either other types of functions must be used or the 
range of inputs must be decreased or altered. The first 
solution might involve altering functions now used, such as 
including cubic terms in polynomial equations, or develop­
ing entirely new types of functions. However, the second 
solution is the one with which this study was concerned. 
Four types of production functions, a square root func­
tion, a quadratic function, a "3/2 M function and a Cobb-
Douglas function, were fitted to an experiment with corn in 
which nitrogen and PgOg were the variable nutrients. The 
nutrient inputs ranged from zero to 320 pounds per acre. 
Then, yield observations resulting from zero rates of the 
nutrients were omitted from the experimental data and the 
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same four types of functions were fitted to the remaining 
yields. Nutrient inputs in this case ranged from 40 to 320 
pounds per acre. Predicted total yields, marginal yields, 
isoquants, isoclines, and economic optima for limited and un­
limited capital situations were derived for all eight func­
tions. These predictions were compared in an attempt to 
ascertain the manner in which functions varied within each 
group of four as well as between groups. Hence, the effects 
of deleting the yield observations were determined. 
It should be noted that while yield observations have 
been omitted in the present study, this is in reality not the 
problem which must be solved. The question is whether or 
not the observations should be included when planning experi­
ments. Experimental plots formerly used to estimate yields 
from low input rates might, for example, be used to estimate 
yields resulting from input rates above those at which the 
maximum yield occurs. Such a procedure would still provide 
a wide range of inputs (so that parameters could be efficient­
ly estimated) and might reduce differences among functions 
or even reduce the number of functions from which a suitable 
function must be selected. Further, techniques now being 
developed can be used to determine minimum rates of fertiliza­
tion, or rates below which it is not profitable to fertilize.^  
Ijohn T. Pesek, Ames, Iowa. Calculating the minimum rate 
of fertilizer to use. (Private communication.) 1957. 
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From the standpoint of an economic analysis, there would be 
no reason to include input rates below this minimum in an 
experiment (or, for that matter, to include nutrient combina­
tions which fall outside ridge lines). However, it is not 
clear what effect observations outside the realm of economic 
relevance have on predictions of economic importance. They 
may either increase or decrease the reliability of these pre­
dictions. 
The first problem to be faced when making an empirical 
comparison of functions is that of deciding which predictions 
are salient for purposes of comparison. The same types of 
predictions were derived for each function but, for two 
different functions, some of these predictions might be 
similar and some different. For example, the two functions 
might predict maximum yields which are exactly the same but 
which result from different nutrient inputs. Hence, the 
question forces an estimate of relative importance to be 
placed on yields, profits, nutrient combinations, marginal 
rates of substitution as well as other quantities predicted 
by the functions. In this study, comparisons were made 
primarily on the basis of recommended nutrient combinations. 
The general problem was not resolved by adopting this method 
of comparison and the question which still needs to be 
studied is: which prediction of a function is most important 
for purposes of making recommendations? 
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Once it is decided what predictions to compare, it still 
must be decided how large differences may be before the 
functions are said to be different. Are 5 bushel differences 
in yield or 10 pound differences in nutrient recommendations 
large enough in magnitude to warrant calling recommendations 
of two functions different? This question can not be answered 
here. In general, functions were compared on the basis of 
the relative differences between predictions. For example, 
if three functions predicted within 10 pounds of each other 
while the fourth predicted 100 pounds higher or lower, the 
first three would be regarded as similar. The importance of 
differences among functions fit to data for a given year will 
depend to a large extent on unexplained differences among 
yields of different years. Until the latter is small, that 
is, until differences in yields between years can be explained 
more adequately, large differences among the former may be 
unimportant. The same may be true when considering differ­
ences in yields obtained during the same growing season on 
soils of a given type. 
When comparing responses of the functions obtained 
before and after the observations were dropped, the first 
noticeable change was the difference in response to the 
nutrients. Before the observations were dropped, predicted 
yield response to PgO5 was larger than response to nitrogen; 
the reverse was true after the observations were dropped. 
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If this change in response above the 40 pound nutrient level 
represents accurately the true response situation, implica­
tions arise concerning the usefulness of least squares pro­
cedures for data resulting from large input ranges. For 
example, if response to the first 40 pounds of P2°5 is 
larger than response to the first 40 pounds of nitrogen but 
responses to higher rates of PgOs are less than responses to 
higher rates of nitrogen, it might be possible for- the re­
sponse to the first 40 pounds of PgOg, if it is large 
enough, to influence predicted response to P2O5 over all 
input ranges. Hence, when response to the first 40 pounds 
of P2O5 is large, predicted response to higher P2O5 rates 
and resulting recommendations of economic importance may, 
in turn, be larger than the "true" amounts. Interaction 
coefficients might behave similarly. Interactions might 
occur only within given input ranges while the function 
gives, by virtue of the method of fitting, an average esti­
mate of interaction over the entire input range. For 
example, the interaction terms in this study were positive, 
but what might happen to the interaction coefficient when, 
after the maximum yield is attained, yields begin to de­
crease? Would the interaction term still be positive, 
would it be negative, or, if the input ranges extend far 
enough, would the positive effects on one side of the 
maximum "balance out" the negative effects on the other side? 
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Obviously, other situations are also possible. It can 
readily be seen from data in the present study how yield re­
sponses for inputs of zero to 40 pounds could effect economic 
recommendations even though the recommendations always fall 
in higher input ranges. And, consideration of possible 
effects on the interaction term might explain why the poly­
nomials of both groups of functions tended to consistently 
overestimate nutrient combinations needed to produce the 
maximum yields. 
As the economic analysis proceeded, it appeared that 
predictions of functions within a group tended to be most 
alike for nutrient combinations close to the average value 
of the nutrient inputs for the experiment. Also, predictions 
of the two groups appeared to be most comparable for nutrient 
inputs close to the mean input levels. This would be ex­
pected when least squares procedures are used. As recommended 
nutrient combinations moved away from the mean input level in 
either direction, predictions of the functions tended to -
diverge. For inputs not close to the mean the quadratic and 
"3/2" functions were reasonably similar while the square 
root function resembled these functions more than the Cobb-
Douglas function. 
The optimum or profit maximizing nutrient combinations 
could be regarded as the "upper limits" and the low capital 
level for the limited capital solution as the "lower limits" 
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of the economic recommendations. Hence, the effect of 
omitting observations below the lower limits was to make 
predictions between these limits and the mean levels more 
comparable. That is, predictions of the functions for the 
#10, #20, and #30 capital levels were more alike after the 
observations were omitted. Contrariwise, predictions of 
nutrient inputs above the mean levels (profit maximizing com­
binations) did notr appear to be much more alike after the 
observations were omitted than before they were omitted. In 
fact, for some price ratios, differences were smaller in the 
latter case. Omitting observations did tend to make differ­
ences among profit maximizing combinations predicted by the 
functions more consistent, however. 
While all functions were changed by omitting the observa­
tions, changes in the square root function were mostly re­
sponsible for making predictions of the polynomials more 
comparable• Especially noticeable were shifts in the ridge 
lines, denoting input levels where maximum yields occur, 
which meant that the predicted rate at which yields diminish 
has been altered. The square root function, because of its 
mathematical characteristics, cannot adequately describe 
experimental data including both high yield response to low 
nutrient inputs and rapidly decreasing yields beyond maximum 
yield levels. Hence, dropping yield observations for low 
input levels has made predictions of the square root function 
145 
more comparable to those of other functions. Since yield 
observations resulting from low input rates seem to affect 
predictions of square root functions for higher input rates 
more than similar predictions for other functions, it might 
be appropriate to omit the observations when fitting square 
root functions to data such as used in the present study, but 
not omit them for other types of functions. The validity of 
this procedure is increased when the form of the marginal 
product curve of the square root function is taken into con­
sideration. This curve is discontinuous for zero input rates 
and assumes very high values at low input rates. This psrt 
of the curve, probably unreasonable for most biological 
situations, would be avoided by omitting yield observations 
resulting from low input levels when fitting the square root 
function. 
To conclude, differences were found to exist among the 
optimum or profit maximizing nutrient combinations predicted 
by the functions. These differences were not removed by 
dropping the yield observations. However, differences among 
nutrient combinations predicted by the polynomial functions 
for limited capital situations were not large either before 
or after the yield observations were dropped. Hence, for the 
experimental data considered here, differences among predic­
tions of functions appeared to be important when predicting 
optimum combinations. For limited capital situations, the 
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polynomials seemed equally satisfactory. 
The results of this study are subject to all the limita­
tions of the experimental method. Predictions presented are 
point estimates of unknown reliability. Also, the effects of 
the least squares method of fitting functions should be recog­
nized. For example, for this experiment, optimum nutrient 
recommendations occurred some distance from the nutrient 
experimental means but,for other experiments, optimum nutri­
ent combinations might occur close to the means. In the 
latter case, optimum recommendations might be quite similar 
for all types of functions while limited capital solutions 
might vary considerably among functions. Finally, limited 
capital solutions were derived for only one set of nutrient 
prices in this study. 
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APPENDIX 
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Derivation of Nutrient Combinations for 
Limited Capital Situations 
As discussed above on page 79, the problem is to derive 
the combination of nutrients which should be used when a 
given amount of capital is available to purchase fertilizer-
This can be accomplished by placing a capital restriction on 
the profit equation. 
The usual profit equation is written 
(a) Profit = I Py - X]_ Pxx - Xg Px2 
where Y is the product, Xi and Xg are inputs, and Py, Px]_, 
and Pxg are the prices of Y, X%, and Xg, respectively. 
Therefore, equation (a) states that profit equals total reve­
nue minus the costs of the inputs. To find the optimum or 
profit maximizing combinations of inputs, the first dériva- = 
tives of the profit equation must be set equal to zero and 
solved simultaneously. The first derivatives of equation 
(a), taken with respect to X^  and Xg, are 
(b) 3(Profit) _ py _d_Y Px^ _ = Py MPPxi - Px, d A]_ d -l 
(c)  ^(Profit) py _£Y pXg = Py MPPxg - Pxg 
d Ag <? -^2 
where MPPx% and MPPxg are the marginal physical products of 
Xi and Xg. To find the combinations of X% and Xg which 
result in maximum profit, equations (b) and (c) must be set 
equal to zero as follows: 
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( "b1 ) Py MPPX]_ - P%i = 0 
(c') Py MPPxg - Pxs = 0 
or, 
((b") MPPx% = 
PXp (c«) MPPxg = ^ . 
By solving equations b" and. c" simultaneously, quantities of 
Xt and Xo which maximize profits may be obtained. (If X-i and 
•  •  . . .  —  -  . . .  * . . .  • . • * . .  . . .  .  - .  . . . . .  
Xg do not interact, equations b" and c" are solved individual­
ly to find the optimum input quantities.) This method re­
quires that the farmer possess sufficient capital to extend 
this and, because the return of the last dollar must be the 
same no matter where it is expended, all other enterprises 
to the profit maximizing position. The assumption of un­
limited capital allows this to be done. 
In practice, however, farmers have only a limited 
amount of capital which must be allocated to competitive 
enterprises on the basis of expected returns. Hence, recom­
mendations should be designed to aid these decision making 
processes. Input combinations and expected returns should 
be derived for limited capital situations. 
A capital restriction can be placed on the profit 
equation by the use of a Lagrangian multiplier. Lagrangian 
multipliers are used in calculus when maximizing or minimiz­
ing a function subject to certain side conditions. An 
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example which might be used to illustrate this technique is 
the maximization of the area of a rectangle given that the 
perimeter be a specified length. The area of the rectangle 
is: 
(d) A = L¥ 
where A is the area, and L and ¥ are the length and width, 
respectively, of the rectangle. Now, suppose the perimeter 
of this rectangle must be P, then 
( e )  L  +  ¥  =  P / 2  
or 
(e1 ) L + ¥ - | = 0.
The area of the rectangle can now be expressed as 
(f) A = L¥ + ^ ML + ¥ - |) 
where "V-is the Lagrangian multiplier. The Lagrangian multi­
plier is used to introduce the restriction into the equation. 
Its coefficient (L + ¥ - £.) is zero. Now, to maximize the 
area subject to the restriction that the perimeter equal P, 
the derivatives of (f) with respect to L, W, andX.be 
equated to zero and the resulting system of equations solved. 
These derivatives are 
(g) -J£ = * + %-
w -§W = l + 
(i) Aà = L + W - p/2 
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and the system of equations which must be solved is 
(g* ) W + X. = 0 
(h* ) L + X_ = 0 
(1* ) L + ¥ - P/2 = 0. 
But, from the first two equations, (g1 ) and (h1 ), 
w = - X. 
L = — 
or 
¥ = L • 
Substituting this result, ¥ = L, into (i1) gives 
L + L = P/2 
and 
Thus, the rectangle must be a square to maximize area 
given a specified perimeter. The Lagrangian multipliers are 
undefined unknowns which add a third equation, the restric­
tive equation, to the system. Including the multiplier, the 
above system has three equations and three unknowns. ¥ithout 
the multiplier or restriction, there are two equations and 
two unknowns. 
The input combination which maximizes profit when limited 
amounts of capital are available can be obtained by the use 
of Lagrangian multipliers. ¥hen K dollars are available to 
purchase fertilizer, the profit equation can be written 
U) Profit = YPy - X-^ Px^  - XgPxg + X(X1Px1 + XgPxg - K). 
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To maximize profit, the derivatives of the profit equation 
are again set equal to zero and solved simultaneously. The 
derivatives of (j) are 
This system has three equations and three unknowns. By 
solving one of the equations (k1) or (l1) for "V and substi­
tuting this value of into the other equation - for example 
by solving (l1) for ">_ and substituting that value in (k1 ) -
the following system of two equations and two unknowns is 
obtained 
Equation (n) can only be equal to zero when the price of 
the product, Py, or the quantity enclosed in brackets is zero. 
Since the price of output is not zero in usual production 
circumstances, solution requires the quantity in brackets to 
and the resulting system of equations is 
a (Profit) MPPxg Py - Pxg + "XPxg 
afProfit^ 
(k1 ) MPPx% Py - Px^  + "XPx^  = 0 
(1«) MPPxg Py - Px2 + XPx2 = 0 
(m») X^ Pxi + X2Px2 - K = 0 . 
(o) X]_PXQ_ + XgPXg — K = 0 . 
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be zero and, hence, the product price has no effect on the 
solution. When the price of output is removed from this 
equation, the resulting equation can be shown to be, for 
two inputs, the isocline equation 
MPPXjL _ 
~~ MPPxg — Px2 
and the problem is that of moving out an isocline until all 
available capital is used. 
This solution is easily obtained for Cobb-Douglas and 
quadratic equations but is more difficult for some other 
types of equations. When only two inputs are involved, iso­
clines can be plotted and input combinations read from the 
graph paper. Costs of these combinations can then be com­
puted directly. However, when more than two inputs are 
considered, the above method must be used. 
After the input combinations are derived, the marginal 
physical products of the inputs can be predicted by substi­
tuting input rates into the marginal physical product equa­
tions . Marginal value products are obtained by multiplying 
marginal physical products by the product price. 
